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FOREWORD 


The Increasing contribution of mathematlcn to the culture of 
the nodern world, as well as its importance as a vltnJ part of 
scientific and humanistic education, has made It esGi”’ntii)I tnai th--' 
mathematics in our schools be both well seiocted and well taught. 

With this in mind, the various nuthematlcMl rji-ganl 'uitionsi In 
the United .'Itates cooperated in tlio formaticjii of thi; I'.ciioul 
Mathematics Study Group (.SMSG). SM.SG Includes college uid univer- 
sity mathematicians, teachers of mathetnatlc.s at ill levels, exnerts 
in education, and represencritlve;; of cicience and technology. The 
general objective of 3M3G is the Improvement of the teaching of 
mathematics in the schools of this country. Tlie Mitlonil Scicnccj 
Foundation has provided substantial fund.s for the supi^urt of in In 
endeavor . 

One of the prerequisites for the Lrnpruvornent nC ti.n taLi.hlng 
of mathematics in our schools is an lm!)rovpd currlcu lurii--onc wnlcn 
takes account of the increasing use of mithematiiu: In science tnd 
technology and in other areas of knowledge tnd it the o ciiH time 
one which reflects recent advances Jn mathematic; Itself, dm' if 
the first projects undertaken by .Gf-I.GG was to unLJ.st i oi 

outstanding mathematic bans .uul matlieinal.ics tisu-l'icrs, lo iirrinj’i' a 
series of textbook.s wtiich would 1 llur. irate 'uu'h an liiiprovod 
curriculum. 

The professional mathematicians in .GHGG Imlleva Hi it tlm 
mathematics presented In this text Is vaJujbir for til we U -'uluc tt i" 
citizens In our society to know and that 11 is 1mpo)'t int for 1h.j 
precollege student to learn Ln preparation for advanced \hn'k In ttm 
field. At the sajne time, teachers in f.MGG believe lint Lt Is 
presented in such a form that it can be readily grasped by istuaerits 

In most instances the material will have a familiar mAc, \>ni 
the presentation and the point of view will be dlffcri'nt, :’.ome 
material will be entirely new to the trad.ltional currlculuir. This 
is as it should be, for mathematics In a J IvJrif’ and in '''vr'r-gr'iw Lng 
subject, and not a dead and frozen r»roduct of antiquity. Thhi 
healthy fusion of the cjld ,uid the new .shouid leui id.udrnt!) to i 
better understanding of the basic concept;’, and r, true lure ni' 
mathematics and provide a firmer found, iliun for umier;TLand lug and 
use of mathematics in a scientific ;ujcioly. 

It is not Intended that tills book be regarded a:; the only 
definitive way of presenting good inathem lilcs to students it thl;. 
level. Instead, it should be thought of .a.s a ;ianmie of the kind of 
improved curriculum that we need and as a .source of siuggestions, for 
the authors of commercial textbooks, It is sincerely hoped that 
these texts will lead the way toward Inspiring a more meaningful 
reaching of Mathematics, the Queen and Gervant of the Sciences. 
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PREFACE 


This hook Is designed for the one-year introductory course 
in geometry which is usually taught in the tenth grade, Students 
in this grade normally have learned a fair amount of informal 
geometry, including the calculation of areas and volumes for 
various elementary figures, the Pythagorean relation, and the use 
of similar right triangles to calculate unknown heights and dis- 
tances. Students who have not learned this material may have to 
be given some extra attention, but the book should still be 
teachable, at a suitably adjusted pace. In algebra, no special 
preparation is required beyond the knowledge and skills normally 
acquired in the ninth grade. 

The book is devoted mainly to plane geometry, with a few 
chapters on solid geometry, and a short introduction to analytic 
geometry at the end. It seems natural, in a preface, to give an 
account of the novel features in the treatment. We are aware, of 
course, of a danger in so doing. A long string of novelties, 
offered for the reader's special attention, may very well convey 
the impression that the authors have been engaged in an unhealthy 
pursuit of Innovation for its own sake. This is by no means the 
way in which we have conceived our task, We began and ended our 
work with the conviction that the traditional content of Euclidean 
geometry amply deserves the prominent place which it now holds 
in high-schooi study; and we have made changes only when the need 
for them appeared to be compelling. 

The basic scheme in the postulates is that of G. D. Blrkhoff. 
In this scheme, it is assumed that the real numbers are known, and 
they are used freely for measuring both distances and angles, 

This has two main advantages. 

In the first place, the real numbers give us a sort of head 
start. It has been correctly pointed out that Euclid's postu- 
lates arc not logically sufficient for geometry, and that the 
treatments based on them do not meet modern standards of rigor. 
They were improved and sharpened by Hilbert the foundations 

of guoinctry, in the sense of Hilbert, are not a part of elementary 
mathematics, and (Jo not belong in the tenth-grade curriculum. If 
WG assume the real numbers, as in the Blrkhoff treatment, then 
the haridling of our postulates becomes a much easier task, and we 
noeij not face a cruel choice between mathematical accuracy and In- 
tL‘ilig,lbility , 

In the second pla"e, it seems a good idea in itself to con- 
nect up geometry with algebra at every reasonable opportunity, so 
that knowledge in one of these fields will make its natural con- 
tribution to the understanding of both. Some of the topics 
usually studied in geometry are essentially algebraic. This is 
true, for example, of the proportionality relations for similar 
triangles. In this book, such topics are treated algebraically, 
so as to bring out the connections with the work of the ninth and 
eleventh grades. 



We hope that the statements of definitions and theorpmn ar*’ 
exact; we have tried hard to make them so. Just as a lawyer 
to learn to draw up contracts that say what they are suppo[>.'d t.o 
say, 30 a mathematics student needs to learn to write niati'ie:iiati „ 
cal statements that can be taken literally, But we arc nrit umirr 
the Illusion that this sort of exactitude is a substitulu fur ,li,~ 
tuitive insight. We have, therefore, based the design of both 
the text and the problems on our belief that intuition ani jugy' 
should move forward hand in hand. 



Chapter 1 

COMMON CKNCE AND ORGANIMED KNOWLEDGE 

Typoa of Problemg . 

Consider the foilovrlnr. nrobleino; 

1, A line SGfyiient IH Lnchea long la broken into tv/o segments. 
If one of the tvra smaller segments la 6 inches long, how long is 
the other one? 

2, In a certain rectangle, the sum of the length and the 
width is 1** (measured in inches). A second rectangle is three 
times as long as the first, and twice as wide, The perimeter of 
the second rectangle is 70. What are the dimensions of the first 
rectangle’ 

The annvfor to Problem 1, of course, is 8 inches, because 
6 + 8 B It. V/e could rjolve this problem algebraically, if we 
v/anted to, by settirif' up the equation 

h h X « 14, 

and solving to get x H, nut this r, corns a little silly, because 
it is so unnecensaiy. If all algebraic equations were as super- 
fluous as this one, then no serious -minded person v;ould pay any 
attention to them; in fact, they would probably never have been 
invented , 

Problem ?, hov;ever, is quite another matter. If the length 
and width of the first rectangle are x and y, then the length and 
width of the second rectangle are 3x and 2y, Therefore, 

3x + i , 72 - 3fi 

because tlic sum of the length and width is half the perimeter, We 
already Imow that x f y a- 14. Thus we have a system of two linear 
equations in tm untoovms: 

X + y =■ 14 
3x -I- 2y B 36. 
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To solve, we multiply each term In the first equation by c, fretting 

2x + 2y = 28, 

and then we subtract this last equation, term by term, from the 
second. This gives 

X = 8. 

Since x + y = 1^, we have y = 6, which completes the solution of 
our problem. It is easy to check that a length of 8 and a -width 
of 6 satisfy the conditions of the problem. 

In a way, these two problems may seem similar, But in a very 
important sense, they are different. The first is v/hat you might 
call a common-sense problem. It is very easy to guesn what tlv' 
answer ought to be, and it is also very easy to check that the 
natural guess is actually the right answer. The second problr-m 
is entirely another matter. To solve the second problem, vjo need 
to know something about mathematical methods. 

There are cases of this kind in geometry. Consider thn 
following statements: 

1. If a triangle has sides of length 3, 4 and I, tlvn It is 
a right triangle, with a right angle opposite the longest sMe. 

2. Let a triangle be given, with sides a, b and c, If 

2 2 ? 
a + b = c'^, 

then the triangle is a right triangle, with a right angle oppo.slle 
the longest side. 

The first of these facts was known to the ancient Egyptinnn. 
They checked it by experiment. You can check it yourself, with 
a ruler and compass, by drawing a 3-4-5 triangle, and then 
measuring the angle opposite the longest aide with a protractor. 

You should bear in mind, of course, that this check Is only 
approximate. For example. If the angle were really 59' 

Instead of 90° exactly, you would hardly expect to tell the 
difference by drawing your figure and then taking a reading with 
your protractor. Nevertheless, the "Egyptian method" is a sound 
common-sense method of verifying an experimental fact. 


[sec. l-l] 
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The Hgy^)fci.^n.^ were exiromeJy r.kilH'ul at making physical 
measurenionln . The ehg.e.': of the base of the great pyramid are about 
756 feet long; and the lenr.ths of these four edges agree, with an 
error ol' only about tv/o-thlrdn of an inch. Ilobody seems to know, 
today, hov/ tho laiKlderij got ;;uch accuracy. 

dtato-mont y ,>br>vo v/a;; not known to the Egyptians; it was 
discovered 2 ;il<‘r, by the* Orook.s , ThLs second statement is very 
different from ‘.hr flr.'it. The mor-.t Important difference is that 
there arc Infinitely many pos.sibll ities for a, b and c. For 
instance, you '.v'oul‘1 have to construct triangles, and take readings 
with a protractor, l‘nr all of the following oases, 

a b 

1 1 ]/T 

h 1 fr 

T' /T 
’ 1 /TO 

3 p |/n 

:i 3, ^/m 

and so rm, endlesf.ly , Tt seems pretty hopeless to try to verify 
our general statemenl V'y oxperimont, even approximately. Therefore, 
a rcasonabli; ivrr.on v;ould not be convinced that Statement ?. was 
true In all carv;s until he had seen some logical reason why it 
.should be true In all vases. 

In fact, this is why it was the Greeks, and not the Egyptians, 
wlio discovered that our svvosvi statement is true. The Egyptians 
had lots of ccvnmon-.setKV kjKiwledge of geometry. But the Greeks 
found ,".omr> thing betti'r, and mucli more jioworful: they discovered 
the ncrlence of exact geomei.ri cal reasoning. By exact reasoning, 
they learned a great deal that liad not been known before their 
time. The things that they learned worn the first big step toward 
modern mathematics, and hence, tov/ard modern science In general, 


[sec. 1-1] 
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Problem Set 1-1 

1. Try the following experiment. Take a piece of atrtnrj rd - 
six feet long, and put It on the floor In the form of a 
with the ends free: 



Then pull the ends of the string apart, makJnr tijr i'*--'! 
gradually smaller, and stop when you think that tisc 1- '/ 

the size of your own waist, Then check tne :i'"i‘’Virfu\v if ,v ur 
guess by wrapping the string around your walat. Aj'tfr 
have checked, read the remarks at the end oi' thh; r.et of 
problems . 

2. In this pair of questions, the first can be ans veered by 
"common sense." State only its ansv/er. The noconrt ronu!i’-';v 
some arithmetic or algebraic process for its solution. .Vn/,'! 
your work for it . 

a. What is half of 2? 

b. What is half of 135,790? 

3. Answer as in Problem 2; 

a. One-third of the distance between two cities i;j 10 niLi**'; 
What is the entire distance? 

b. The distance between two cities is T miles more than m.- 
third the distance between them. What is the distance 
between them? 


[sec. l-i] 
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*!f, Anawar as in Problem ?: 

a. If a ii-lnch piece of wire is cut into tvio parts so that 
one pfirt Ic 4 times as lonp as the other, vfhat are the 
len'^ths of the parts'' 

b. Ti' 0 ‘ -Inch piece of wire is cut Into tv/o parts such that 
a square former! by bending one piece vrill have four times 
the area of a square formed by bending the other, what 
are the lengths of the parts? 

5. If the sidCvh of a triangle are 5, 12, 13, is it a right 
triangle" 

6. If t'A'o studentvS carefully and independently measure the width 
of a classroom Vrlth rulers, one measuring from left to right 
and the other from right to left, they are likely to get 
different rinswers. You may check this with an experiment, 
Wiich of tiic i’ol lowing am plausible reasons for this’’ 

a. Thu rulers jiave difforont lengths. 

it, Onr- por.son may iiavp lost count of the number of feet in 
the v)!<lth, 

c. Things are longer (or shorter) from left to right than 
right to loft. 

d. The errors made in changing the position of the ruler 
accumulate, and the sum of the small errors makes a 
discernable error. 

7. Show that n'' - 2n + 2 = n if n = 1. Is the equation true 
when n H 2? Is it true when n = 3? Is it always true? 

8. a. If 3 "^ 5^ and 7^ are divided by H, what is the remainder 

in each case? 

b. How many odd integers would you have to square and divide 
by 4 to guarantee that the remainder would always be the 
same? 


[sec. l-l] 
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Number of 

points 

connected 



Number of 

regions formed 2 ^ 


Replace the question mark by the numb»'r yo-; ‘hli::; rl 
there. Verify your answer by maklnc; n drawJrs^' 'n w;,!' •: r'v 
points on a circle are connected in al,i ponn;'; If w.'s.v;-, 

10. The following optical Illusions show that ".ar,:! ,* - ■‘-way:: 
trust appearances. "Things are seldom vdiat Ihf.v ;'< ■ r;*. 
milk masquerades as cream," Prom "H.M.r,. Flnaf rf'* ; y 
Gilbert and Sullivan, 
a . Is CD a continuation of AB? 



b. 


Are RS and ST equal In length? 
Compare the lengths with your 
ruler or compass. 

R 



c. Which figure has the greater 
area? 



[sec. l-l] 



d. Which is lonp;er, AB or CD? 
Check with your ruler. 


A 


I 


C 


a 


D 


■11, Use a ruler to check the accuracy of the measurements of the 
figure. Show that if these measurements are correct the sum 
of the areas of the four pieces of the rectangle is more than 
the area of the rectangle. Odd, isn’t it? 



^12, A trip of 60 miles Is to be done at an average speed of v60 
m.p,h. The first 30 miles are done at 30 m.p.h. At what 
rate must the remaining 30 miles be covered? 


Remarks on Problem 1. Nearly everybody makes a loop about 
twice as big as It should be. You can get much better results 
by the following method. The clrctimference of a circle la equal 
to ir times the diameter, and ir Is approximately equal to 3. 
Therefore, the diameter Is about one-third of the circumference. 
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If your waist measure is, say, 21 Inches, this nieanr* that the loop 
on the floor should he about 7 Inches across. This will look 
unbelievably small, but if you have thought the problem out 
mathematically, you will have the courage of your convlctlonfs . 

This is one of a large number of cases in which even n very 
crude mathematical approach to a problem is bettor thfm an outright 
leap in the dark. 


1-2, M Organized Logical Development of Geometry . 

If you stop to think, you will realize that by now you know a 
great many geometrical facts. For example, you know how to find 
the area of a rectangle, and of a right triangle, and perliaps of 
a triangle in general, and you know the Pythagorean relation for 
right triangles. Some of the things that you know are so simple 
and obvious that it might never occur to you to even put them Into 
words, let alone to wonder whether or why they are true. The 
following is a statement of this type; 

Two straight lines cannot cross each other in more than one 
point. 

But some of them, like the Pythagorean relation, arc not 
obvious at all, but rather surprising. We would like to organize 
our knowledge of geometry, In an orderly way, In such a way that 
these more complicated statements can be derived from simple 
statements. This suggests that we ought to be able to make a list 
of the facts of geometry, with the simplest and easiest statements 
coming first, and the hard ones coming later. We might try to 
arrange the statements in such an order that each statement in 
the list can be derived from the preceding statements by logical 
reasoning. 

Actually, we shall carry out a program that is very much like 
this. We will state definitions, as clearly and exactly as we can; 
and we will establish the facts of geometry by giving logical proofs 
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The statements that we prove will be called theorems . ( The 
proving of theorems la not a spectator-sport , any more than 
arithmetic Is ; the beat vfay to learn about it ^ doing It . 
Therefore, in this course, you will have lots of opportunities to 
prove lota of theorems for yourself.) 

While nearly all of the statements that we make about geom- 
etry are going to bo proved, there will be some exceptions. The 
almplest and most fundamental statements will be given without 
proofs. These statements will be called postulates , and will form 
the foundation on which we will build. In the same way, we will 
use the simplest and moat fundamental terms of geometry without 
defining them; these will be called the undefined terms . The 
definitlon.s of the other terms that we use will be based on them. 

At: fir.st glance, it might seem better to define eveiy term 
that WG use, f.ind to prove every statement that we make. With a 
little reflection, we can convince ourselves that this can't be 
done . 

Consider fjTsU the question of the postulates. Most of the 
time, when \iq prove a theorem, we do so by showing that It follows 
logically from theoroma that have already been proved, But it 
is clear that proofs of theorems cannot always work this way. In 
particular, the first theorem that we prove cannot possibly be 
proved this way, because In this case there apen't any previously 
proved theorems. But we have to start somewhere, This means 
that we have to accept some statements without proof. These un- 
proved statements are the postulates. 

The purpose of stating postulates io to make it clear Just 
where wo are starting, and Just what sort of mathematical objects 
we are studying . We can then build up a solid, organized body of 
facts about these mathematical objects. 

Just as we start with some unproved statements, so we start 
with some undefined terms. Most of the time, when we give a 
definition of a new geometric term, we define it by means of other 
geometric terms which have already been defined. But It is clear 
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that definitions cannot always work this way. In particular > the 
j^]^j_tion that we state cannot possibly bo otated in this 
way, because in this case there aren't any previously deflmd 
geometric terms. But we have to start somewhere. Thl.i mennc that 
we introduce some geometric terms without defininf: them, and then 
use these basic terms in our first definitions, Vfc shall use the 
simplest and most fundamental geometric terms without making any 
attempt to give definitions for them. Three fundamental undefined 
terms will be point , line and plane . 

Postulates, of course, are not made up at random, (if they 
were, geometry would be of no interest or importance.) Postulates 
describe ftindamental properties of space. In the .sajte way, the 
undefined terms point , line and plane are suggested by physical 
objects. To get a reasonably good picture of a point, you make a 
dot on paper with a pencil. To get a better approximation of the 
mathematical idea of a point, you should first sharpen your pencil. 
The picture is still approximate, of course; a dot on paper must 
cover some area, or you couldn't see it at all. But if you think 
of dots made by sharper and sharper pencils, you will have a pood 
idea of what we are driving at when we use the undefined term, 
point . 

VAien we use the term line , we have in mind the idea of a 
straight line. A straight line, however, is supposed to extend 
infinitely far in both directions. Usually, we shall indicate 
this in pictures by arrowheads at the ends of the portion of the 
line that we draw, like this: 


We shall have another term, segment , for a figure thit looka like 
this: 


A thin, tightly stretched string is a good approximation of a 
segment. An even thinner and more tightly stretched string is a 
better approximation. And so on. 
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Tnink of a perfectly flat surface, extendinE Infinitely far 
In every direction, and you have a good Idea of a plane. 

You should remember that none of the above statements are 
definitions. They are merely explanatJons of the ideas that 
people had in the back of their minds when they wrote the postu- 
lates. When we are vreitlng proofs the information that we claim 
to have about points, lines and planes will be the information 
given by the postulates. 

Vfe have said that theorems are going to be proved by logical 
reasoning. We have not explained what logical reasoning is, and 
in fact, we don't know how to e3q)laln this in advance. As the 
course proceed.*!, you will get a better and better idea of what 
logical reasoning is, by seeing it used, and best of all by using 
it yourself. This is the way that all mathematicians have learned 
to tell what is a proof and what isn't. 

At the beginning of the next chapter, we shall give a short 
account of the idea of a set, and a short review of the funda- 
mentals of algebra for real numbers. Sets and algebra vflll be used 
throughout this course, and our study of geometry will largely 
be based on them. We shall think of them, however, as things that 
we are working with. They will not be an actual part of our 
system of postulates and theorems. They are supposed to be avail- 
able at the start; some of our postulates will Involve real 
numbers; and elementary algebra will be used in proofs. In fact, 
geometry and algebra are very closely connected, and both of them 
are easier to learn if the connections between them are brought 
out as soon as possible, 


r aon 
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Problem Set 1-2 

1. A student wanting to find the meaning of the v/ord "dlmenv^lon" 
went to a dictionary. This dictionary did not glvo definitions 
as we have them in geometry but did give synonyms of v«3r(ir, , 

He made the following chart. 


dimension - measurement 


< si'/.e 
or 

length - 


longest 
dimonr, ion 


< dimension 
or 

measuremont 


a. Point out from the above chart a circular lint of three 
terms each of which has its following tonit nr, a nynojiym, 
(in a circular list, the first term in anoumed to follow 
the last. ) 

b. Make a circular list which contains four ouch terms. 

*2. Make a chart similar to that in Problem 1, starting with nome 
word in your dictionary. 

3. John convinced his mother that he did not track mud onto the 
living room rug by pointing out that It did not start raining 
until 5 o'clock and that he had been in his room studying 
since 4:30. He mentioned that a person cannot do something 
If he is not there. The thing he was proving (that ho did not 
track mud) might be regarded as a theorem and the statement 
about a person not being able to do something If ho is not 
there might be regarded as a postulate. Make another example 
of such a convincing argument and point out what corresponds 
to the theorem, what to the proof, and what to postulates. 
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4. Janif5; V.’hafc'n an architect? 

Knlhcr: An architect'’ An architect is a man who designs 

hu! !'l!nr;a . 

Jani.0: Wiiat'r. "rU'Si.f'ns"? 

Mothtii’ ; \k:l 1 — pi ana . 

Janie: T,!.ko we plan a picnic? 

Mother: Yen, rjuite like that. 

Janie; V/hat are bullrUngs? 

Mother: Oh, Janie, you know — houses, churches, schools, 
Janie: Yea, I see, 

Consider the above discunsion. What were basic undefined terms 
aa far as Janie was concerned? 

5. The r.tuarto have throe children. Joe is a senior in high 
school. Karon is a seventh grader, and Beth is four. At the 
dinner table; 

Joe; We leai^ned a fvinny nev/ word in geometry class 
toclay -- parallelepiped. 

Karen; What In the world is it? 

Joe; Well, It's a solid. You know what I mean by a solid 
figure --it takes up some space. And it's bounded 
by plurieo. You Icnow what a plane is, don't you? 

Both: Like a windowplane? 

Joe: The word is a wlndov;pane, but that's the idea. A 

parallelepiped is a solid bounded by parallelograms. 

A candy box is one, but it's a special one because 
the six faces are all rectangles. If you had a candy 
box and could shove it at one corner you'd get a 
parallelepiped. Got the idea? 

In the above discussion what basic, undefined terms did Joe 
use In hlo description? 
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6. VJhat do you think Is wrong with the following faulty 

definitions? 

a. A square Is something that is not round. 

b. A right triangle is a triangle each of whose angles has 
a measure of 90°. 

c. An equilateral triangle Is when a triangle has three sides 
the same length, 

d. The perimeter of a rectangle Is where you find the sum of 
the lengths of the sides of the rectangle. 

e. The circumference of a circle is found by multiplying the 
diameter by tt. 

■ 7 . Indicate whether the following are true or false: 

a. It is possible to define each geometric tens by using 
simpler geometric terms. 

b. Exact geometric reasoning leads us to geometric tr\iths 
that cannot be deduced from measurement. 

c. Theorems are proved only on the basis of definitionn and 
undefined terms . 

d. If you are willing to write in all the steps, each 
theorem can be deduced from postulates without making 
recourse to previous theorems. 
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Chapter 2 

BETS, REAL NUMBERS AND LINES 


2-1, Seta 

You may not have heard the word aet used in mathematics be- 
fore, but the Idea is a very familiar' one. Your family is a aet 
of people, conaiatlng of you, your parents, and your brothers and 
sisters (if any). These people are the members of the set. Your 
geometry class la a set of studentaj its members are you and your 
classmates. A school athletic team is a set of students, A 
member of a set la said to belong to the set. For example, you 
belong to your family and to your geometry class, and so on. The 
members of a aet are often called its elements ; the two terms, 
members and elements, mean exactly the same thing. We say that 
^ contains each of its elements. For example, both your 
family and your geometry class contain you. If one set contains 
every element of another set, then we say that the first aet 
contains the second, and we say that the second set la a subset 
of the first. For example, the student body of your school con- 
tains your geometry class, and your geometry class is a subset 
of the student body. We say that the subset lies in the set that 
contains it. For example, the set of all violinists lies in the 
set of all musicians. 

Throughout this book, lines and planes will be regarded as 
sets of points. In fact, all the geometric figures that we talk 
about are sets of points, (You may regard this, if you like, as 
a postulate , ) 

When we say that two seta are equal, or when we write an 
equality A - B between two sets A and B, we mean merely that the 
two seta have exactly the same elements, For example, let A be 
the set of all whole numbers between and 

1 1 

set of all whole numbers between and Then A »= B, because 
each of the sets A and B has precisely the elements 1, 2, 3, 4 


5|, and let B be the 
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and 5. In fact. It veo often happens that the came set can be 
described in two different ways; and if the description;] look 
different, this doesn't necessarily mean that the sets ai^e 
different . 

Two sets Intersect if there are one or more clementn that 
belong to both of them. For example, your family and your 
geometry class must intersect, because you yourself t^ 0 lon;^^ to 
both of them. But two different classes meeting at the same hour 
do not Intersect. The intersection of two sets is the set of all 
objects that belong to both of them. For example, the Inter- 
section of the set of all men and the set of all muslclann is the 
set of all men musicians. 

Passing to mathematical topics, we see that the net of all 
odd numbers is the set whose members are 

1, 3, 5, 7, 9 , 11, 13, 15, . , . 
and so on. The set of all multiples of 3 Is the net whose 
members are 

3, 6, 9, 12, 15, ... 

and so on, The Intersection of these two seta Is 

3, 9, 15, 21, ... 

and so on; Its members are the odd multiples of 3, 

In the figure below, each of the two rectangles Is a .set 
of points, and their intersection contains exactly two point.s. 


i 



1 
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Similarly, each of the corresponding rectangular regions is a set 
of points, and their intersection is the small rectangular region 
In the middle of the figure. In the next figure, each of the two 
lines is a set of points, and their intersection consists of a 
single point: 



Below, we see two sets of points, each of which is a flat rec- 
tangular surface. The Intersection of these two sets of points 
is a part of a straight line. 




The union of the two sets is the set of all objects that 
belong to one or both of them. For example, the union of the set 
of all men and the set of all women la the set of all adults. 

The intersection, or the union, of three or more sets Is defined 
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almilarly. Thus a triangle la the union of three seta, each of 
which la a aubaet of a line. 



each of which la a 


4 


5 

In aome altuatlona, It la convenient to uae the Idea of the 
empty aet . The empty set la the set that haa no members at all. 
This Idea may seem a little peculiar at first, but it la really 
very much like the Idea of the number 0. For example, the 
following three statements all say the same thing: 

(1) There are no married bachelors In the world. 

(2) The number of married bachelors In the world Is zero. 

(3) The aet of all married bachelors In the world Is the 
empty set. 

Once we have Introduced the empty set, then we can apeak of 
the intersection of any two sets, remembering that the Inter- 
section may turn out to be the empty aet. 

For example, the intersection of the set of all odd numbers 
and the set of all even numbers la the empty set. 

A word of warning ; If you compare the definitions of the 
terms Intersect and Intersection , you will see that these two 
terms are not related In quite the simple way that you might ex- 
pect. When we speak of the Intersection of two seta, we allow 


The figure below is the union of five sets, 
subset of a line. 
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the posalbllity that the interaectlon may be empty. But if we say 
that the two aeto Interaect j this always means that they have an 
element In common. 

Another word of warnlnp; ; Statements (2) and (3) above mean 
the same thing. But this does not mean that a set that contains 
only the number 0 Is empty. For example, the equation x + 3 « 3 
has 0 as Its only root^ and bo the .set of roots la not the empty 
setj the set of roots has exactly one element, namely, the 
number 0. On the other hand, the set of all roots of the equa- 
tion X + 3 " X + 4 really la the empty set, because the equation 
X + 3 " X + 4 haa no roots at all. 

Problem Set 2-1 

1, Let A be the set (3, 5, 6, 9, 11, 12] (that la, the aet whoae 
members are 3, 5, 6, 9, 11, 12) and B be the set 

(4, 5, 7, 9, 10, 11], 

What la the intersection of seta A and B? What la the union 
of A and B? 

2, Conalder the following sets; 

la the set of all students In your school, 

Sg Is the aet of all boya In your student body. 

la the set of all girls In your student body. 

S|^ la the set of all members of the faculty of your school. 

Sc- la the set whoae only member Is yourself, a student In 

5 

your school, 

a. l-Zhlch pairs of sets intersect? 

b. Which aet la the union of Sg and S^? 

c. Which set is the union of and S^? 

d. Describe the union of and Sj^, 

e. Which of the sets are sub-seta of 
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Case I. Case II. Case III. 

Consider a set of three boys, (A, B, C]. Any set of boys 
selected from these three will be called a committee. 

a. How many different two-member committees can be formed 
from the three boya? 

b. Show that any two of the committees in (a) intersect. 

What does the word "intersect" mean? 

5. Consider the set of all positive even Integers and the get 
of all positive odd integers. Describe the set which is the 
union of these two seta. 

6 . Describe the intersection of the two sets given in Problem 5. 

7. In the figure, what Is the Intersection of the triangle ABC 
and the segment BC? What la their union? 


C 



Let A be the set of pairs of numbers (m, n) which satisfy the 
equation 4 m + n = 9. 

Let B be the set of pairs of numbers (m, n) which satisfy the 
equation 2m + n = 5. 

Find the intersection of the sets A and B, 
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9 . Let A be the eet of pairs (x,y) for which x + y = 7 . 

Let B be the set of pairs (x,y) for which x - y = 1 . 

What 13 the intersection of A and H'’ 

10, IvGt A be the set of pairs (x,y) for which x + y = 3, 

I^t B be the set of pairs (x,y) for which 2x + 2y =» 7. 

V/hat is the intersection of A and B? 

11 , Consider the set of all positive inteKers divisible by 2 . 

Consider the set of all positive integers divisible by 3. 

a. Describe the intersection of these two sets. Give its 

first four members. 

b. Write an algebraic expression for the intersection. 

c. Describe the union of the two sets. Give its first 
eiglit members, 

12, a. How many straight lines can be drawn through 2 points? 

b. If three points do not lie in a straight line, how many 
straight lines can be drawn through pairs of the points? 

c. If four points are given and no set of three of them lie 
in a straight line, how many straight lines can be drawn 
containing sets of two of the points? Answer the same 
question if five points are given. 

♦d. Answer Question c if n points are given, 

2-2. The Real Numbers 

The first numbers that you learned about were the "counting 
numbers" or "natural numbers", 

1, 2, 3, >1, 5, ... 

and so on, (You knew about these before you learned to read or 
write. And ancient man learned to count long before the inven- 
tion of writing.) The counting numbers never end, because start- 
ing with any one of them, we can always add 1 , and get another 
one. We may think of the counting numbers as arranged on a line, 
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starting at some point and continuing to the right, like this; 


h— I 1 1 Y 

1 2 3 4 5- 

To the left of 1, we put in the number 0, like this: 


0 1 2 3 4 5' 

And the next step is to put in the negative whole numbers , Like 
this : 


^ 1 1 ^ 1 ^ 1 1 1 1 1 1 

■ ■ -5 -4 -3 -2 -1 0 1 2.3 4 5 • ■ 

The numbers that we have so far are called the integers or 
whole numbers (positive, negative and zero). The counting 
numbers are the positive Integers, and are often referred to by 
this name. 

Of course, there are lota of points of the line that have no 
numbers attached to them so far. Our next step is to put in the 
fractions -g, -j, •^, - and so on, The new numbers 

that we want to put in include all numbers that can be expressed 
as the ratio of any two Integers (with q not equal to zero). 


can 

indicate 

a few 

of 

these. 

as 

samples : 



— h 

10 

-4—4- 

3 

-H 1 

2 

“3 


1 

2 

- 1 

14 g 

1 1 1 1 


1 

-3 

' 1 
-2 

-1 


0 

1 

—jH |-H — 

1 2 

1 

3 

1 — ^ 

4 


The numbers that we have so far are called the rational 
numbers. (This term is not supposed to mean that they are in a 
better state of mental health than other and less fortunate 

numbers. It merely refers to the fact that they are ratios of 
whole numbers ) . — 
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The rational numbers form a very large get. Between any two 
of them there is a third one; and there are infinitely many of 
them between any t'wu whole numbera. It is a fact, however, that 
the rational number,'] .']till do not fill up the line completely. 

For example, l!J not rational; it cannot be expressed as the 
ratio of any two integers yet it does correspond to a point on the 
line. (For a proof, oee Appendix III.) The same is true for-/3~ 
and also for such "pec\illar" numbers as tt. Such non- 

rational numbers are called irrational . If we insert all these 
extra numbera, in such a way that every point of the line hag a 
number attached to it, then we have the real numbers . We indicate 
gome samples, like this: 


-<■ 


-3 


— H — I — ^ — t— -f- 

-2 “1 0 




t 


3 



You should check that these numbers appear on the scale in 
approximately the positions where they belong. ( is 
approximately l,4i. How would you flnd^^ ?) 

The real numbers will form part of the foundation of almost 
all that we are going to do in geometry. And it will be important 
throughout for iis to think of the real numbers as being arranged 
on a line, 

A number x is less than a number y if x lies to the left 

of y. 


~2 -1 0 1 2/3 4 

We abbreviate this by writing x < y. We notice that every negative 
number lle.s to the left of every positive number. Therefore, every 
negative number is leas than every positive number, For example, 

- 1 , 000,000 < 1 , 

even though the number -1,000,000 may in a way look "bigger". 
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Expreaalons of the form x < y are called Inequalltiea . Any 
Inequality can be written In reverse. For example, 

1 > - 1 , 000 , 000 ; 

and in general, y > x means that x < y. 

The expression 

X ^ y 

means that x la leaa than or equal to y. For example, 3 5 be- 

cause 3 < 5, and 5 ^ 5 , because 5-5. 

In your study of algebra, you have by now learned quite a 
lot about how the real numbers behave under addition and multi- 
plication. All the algebra that you know can be derived from a 
few trivial-looking statements. These statements are the postu- 
lates for addition and multiplication of real numbers. You will 
find them listed in Appendix II, You may not have .studied algebra 
on the basis of the postulates; and we are not going to start such 
a proceeding now. In this course, we are simply going to u.se the 
methods of elementary algebra, without comment. 

We should be a little more careful, however, about inequal- 
ities and square roots. The relation < defines an order for the 
real numbers. The fundamental properties of this order relation 
are the following: 

0-1. (Uniqueness of Order) For every x and y, one and only 
one of the following conditions holds; x<y, x = y, x>y. 

0-2. (Transitivity of Order) If x < y, and y < z, then 
X < z. 

0-3. (Addition for Inequalities) If x < y, then 
X + z < y + z for every z. 

0-4. (Multiplication for Inequalities) If x < y and z > 0, 
then xz < yz. 

The statements 0-2. and 0-3. have an important consequence, 
which is worth mentioning separately: 

0-5. If a < b and x < y, then a + x < b + y. 
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This is true for the following reason: By 0-3, we know that 

a + X < b + X 

and also that 

h + X < b + y. 

(That la, an Inequality is preserved if we add the same number on 
each side.) By 0-^;, these last two inequalities fit together to 
give us 

a + X < b + y, 

which is what we wanted. 

Finally, we are going to need the following property of the 
real numbers: 

R-1. (Existence of Gquare Roots.) Every positive number has 
exactly one positive square root. 

There is one rather tricky point in connection with square 
roots. When we say, in words, that x is a square root of a, this 
means merely that =» a. For example, 3 is a square root of 9, 
and -3 is a square root of 9. But when we write, in symbols, 
that X « we mean that x la the positive square root of a. 

Thus, the following statementa are true or false, as indicated: 
True : -3 is a square root of 9. 

False ; -3 « , 

True : “ 3. 

False ; = + 3. 

The reason for this usage is simple, once you think of it. 
Ifya"were allowed to denote either the positive root or the neg- 
ative root, then we would have no way at all to write the posi- 
tive square root of 7. (Putting a plus sign in front of the 
expression vT“get a us nowhere, because a plus sign never changes 
the value of an expression. If v^were negative, then + 
would also be negative) . 
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Problem Set 2~2 

1. Indicate whether each of the following la true or falae. 

a. The real number scale haa no end points, 

b. There exists a point on the real number scale which 


2 . 


3. 


4 . 


5 . 


represents exactly , 

c. The point corresponding to y on the real number scale 
lies between the points corresponding to ^ and 

d. Negative numbers are real numbers. 


Restate the following in words: 


a. 

AB < CO. 

e , 

0 < 

1 < 

2. 

b. 

X > y. 

f . 

5 ^ 


-5 

c. 

d. 

XY ^ yz . 

n 3, 

s. 

X > 

0, 



Write as an inequality: 

a. k is a positive number. 

b. r is a negative number. 

c. t is a number which is not positive, 

d. 3 is a non-negative number, 

e. g has a value between 2 and 3. 

f. w has a value between 2 and 3 inclusive, 

g. w has a value between a and b. 

For which of the following is it true that « x? 


a. 

X = 

5, 

e. 

X 

S3 

-1 

b. 

X = 

-5. 

f . 

X 

> 

0. 

c. 

X = 

Q. 

g. 

X 

< 

0. 

d. 

X = 

7. 

h. 

X 

> 

0. 


How would the points corresponding to the following sets of 


numbers be arranged from left to right on a number scale in 
which the positive numbers are to the right of 0? 


a. 3.1, 3.05, 3.009. 

b. -2.5, - 3 , -1.5. 


c . 

d. 




-1 


[sec. 2-2] 



27 


*6. If r and a are real numbers, other than zero, and r > s, 

indicate whether the following are always true (T), sometimes 
true (s), or never true (N). 

a. a < r. 

b, r - B > 0. 


* 1 . 


c. r - 2 < a « 2. 


Follow the Instn^ctlons of Problem 6 for the following: 
1 1 


a. - 


b . ® ^ ' 

G . I r I > I a 1 . 

T n 

d. r' > rr', 


e. l-r<l-a. 


2-3' I' he Abnolute Value 

The Idea of the abaolute value of a number is easily under 
stood from a few examples: 

(1) The absolute value of 5 Is 5. 

(2) The absolute value of -5 is 5. 

(3) The absolute value of ir is v, 

(4) The abaolute value of -r is tt, and so on, 

Graphically speaking, the absolute value of x la simply the 
distance between 0 and x on the number scale, regardless of 
whether x lies to the left or to the right of 0, The absolute 

value of X ia written as lx| . 

*4 — '1^1 “I 

— ^ 1 1 h— 

X o ox 

X<0 X>0 

The two possibilities for x are indicated in the figures. In 
each of the two cases, |x| is the distance between 0 and x. 
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If a particular number is written down arithmetically, it la 
easy to see how we should write its absolute value. The reason 
is that in arithmetic, the positive numbers are written as 1, 2, 

3, 4, and so on. A way to write negative numbers la to put minus 
signs in front of the positive numbers. This giveo -1, -2, ~3, 

-4, and so on. Therefore, in arithmetic, if we want to write the 
absolute value of a negative number, we merely omit the minus 
sign, thus, l-ll = 1 l-2l » 2, and so on. 

We would like to give an algebraic definition for |x|, and we 
would like the definition to apply both when x Is positive and 
when X is negative. In algebra, of course, the letter x can 
represent a negative number. In working algebra problems, you 
have probably written x = -2 nearly as often as you have written 
X = 2. If X is negative, then we can't write the corre.spondinp: 
positive number by omitting the minus sign, because there isn't 
any minus sign to omit. There la a simple device, however, that 
gets around our difficulty: if x is negative, then the r-orrespond 
Ing positive number la -x. Here are some examples: 

x = -1, -X = -(-1) = Ij that is, if X « -1, then -x « 1. 

X = -2, -X = -(-2) = 2j that la, if x « -2, then -x « 2, 

X = -5, -X = -(-5) = 5i that is, if x = "5» then -x » 5- 

In each of these' oases, x is negative and -x is the corre- 

sponding positive number. And in fact, this is what always 
happens. Since we knew all along that jxj « x when x is positive 
or zero, it follows that the absolute value is described by the 
following two statements: 

(1) If X la positive or zero, then |x| « x. 

(2) If X is negative, then |x| = -x. 

If this still looks doubtful to you, try substituting various 
numbers for x. No matter what number x you pick, one of the con- 
ditions above will apply, and will give you the right answer for 
the absolute value, 
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Problem Set 2-3 


Indicate 

which 

of the following 

a. 

l-3l 

s 3 . 


b . 

1 3 « -3 . 


c. 

|2 - 

Y I 

1 Y - 2 1 . 

d . 

|0 - 

si * 

|5 - Ol. 

e. 

1 nl = n. 


Indicate 

which 

of the following 

a. 

l-n| 

n , 


b. 

In^l 

2 

o n . 


C- 

ly “ 

X 1 ^ ™ 

2 2 
- 2xy + x^. 

d. 

la - 

2l = 

l2 - al . 

e . 

|bl -t 

I SB 

M + il . 

Complete 

these 

statements : 

a. 

If 0 

< r. 

then |r| » 

b. 

If 0 

> r. 

then 1 rl » . 

c. 

If 0 

B» r, 

then 1 rl « . 


4. The following three examples give a geometric Interpretation 
to algebraic statements. 

X < 2. 


All points of the scale to the left of 2. 


T* 

-2 


"o" 


1 


2 


< 2. 

_1 


The set of points between 2 anU -2. 


3 


K-p- 

-3 




>1 


1 


T 


lx| •« 2. 

Two points. - 


-3 


-r 

-2 


-1 


"o' 


1 
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Continue 

as 

above for the 

following problems: 

a. 

X < 

0. 

e. 

1x1 - 1. 

b. 

X » 

le 

f . 

Ul ^ 1. 

c. 

X > 

1. 

g- 

|x| > 1, 

d. 


1, 

h. 

1x1 0, 


5. a. How would the set. of points represented x 0 
differ from the set represented bjf x > 0? 
b. How would the set of points represented tiy 0 ^ x ^ 1 
differ from the set represented by 0 < x < 1? 


2-4. Measurement of Distance 

The first step in measuring the distance between two points 

P and Q is to lay down a ruler between them, like this: 

P Q 

— 

RULER 

Of course we want to use a straight ruler, since we cannot expect 
to get consistent results if our rulers are curved or notched. 

A straight ruler has the property that however it la placed 
between P and Q the line drawn along its edge la always the 
same. In other words, this line is completely determined by the 
two given points. We express this basic property of lines as our 
first geometric postulate: 


Postulate 1. Given any two different points, 
there is exactly one line which contains both of them. 


we eheu often refer to thle poetulete, briefly, by eaylng 
that erery t»o points Jetermlne a line. This Is simply an 
abbreviated way of stating Postulate 1 . 

the 'IT by t»o points P and Q „e use 

the notation (The double arrow will recall our picture of 

he line.) Of course we can always abbreviate by Introducing 
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a new letter anrj calling the line L, or W, or anything else. 
Now let U3 couQldor the rriarka on the ruler and the actual 
diatance between P and Q, The easiest way to measure the 


distance is to place the ruler like this; 




2 


This gives 7" . course, there is no need to put one end of the 

ruler at P. Ve might put It like this; 

P Q 



In this case, the diatance between P and Q, measured in Inches, 
Ig 9 „ 2 “ 7, as before. 

On many rulers that are sold now, one edge is laid off in 
inches, and the other edge in centimeters . Using the centimeter 
scale, we can measure the diatance between P and Q like this; 

P Q 



This gives the distance as approximately l8 cm., where cm, 
stands for centimeters, 

A foot is, of course, 12", and a yard la 36". A meter la 
a hundred centimeters; m. stands for meters. A millimeter is 
a tenth of a centimeter ( or -]-^j^of a meter); mm. stands for 
mllllmetera. We can therefore measure the diatance between 
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P and Q, in at leaat thla mans’ ways: LH nm., I 'O mn. , . iH m. , 

7 in., ft., ^ yds. 

That is, the number vje get, aa a measure of the diRt.anc^*, rJeprndg 
on the unit of measure . VJe can use any unit wc 11 Ke, as lunr, a a 
we use it consistently, and as long; as we say what nr. 11, we are 
using. 


Problem Set 2-4 

1. What common fractions (or integers) are needed to 
complete the following table? 

a. 2 in, = ft, = yd. 

b. in. = 4 -i ft. = yd. 

c. in. = ft. = yd. 

2. What numbers are needed to complete the following tabic? 

a. 500 mm. = _cm. = m. 

b. mm. => 32.5 cffi- * ^m. 

c. mm. a cm. « 7.32 m. 

~~ n 1 

3. a. Suppose you decide to use the width of an o in. by 11 in. 

sheet of paper as a unit of length, Vlhat is the length 
and the width of the sheet In terms of this unit? 
b. Repeat the problem with the length of the sheet as your 
new unit, 

4,. If the lengths of the sides of a triangle are 3 ft., 4 ft., 
and 5 ft., it is a right triangle because 3*^ + 4^ « 5^, 

Verify that the Pythagorean relationship still holds If the 
lengths above are expressed In Inches, 

5. If the length of each side of a square la 4 ft. its perimeter 
is 16, ft. and its area Is l6 sq. ft. Observe that the 
numerical value of the perimeter is equal to the numerical 
value of the area. 

a. Show that the numerical values of the perimeter and 

area will no longer be equal to each other if the length 
of the side is expressed In Inches. 
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b. In yards . 

*6, Generalize Problem . Given that the numbers a, b and c are 
the number of units in the aides of a triangle if some 
particular unit of length is used and that + b'^ = c^. 

Show that the Pythagorean relationship will still hold if the 
unit of lengtii is multiplied by n, (Hint: The lengths of 
the sides will become ~ and , If a, b and c seem too 
abstract use 3 , 4 and 5 at first. ) 

*7. Generalize Problem Show that if the numerical values of 
the area and perimeter of a square arc equal for some 
particular unit of measure, then they will not be equal for 
any other unit. (Hint: Start by letting the number a be 
the length of tlie aide of the square for some unit and 
equating the area and perimeter formulas.) 


2-5- A Choice of a Unit of Distance 

We have noticed that the choice of a unit of distance is 
merely a matter of convenience. Logically speaking, one unit 
works as well as another, for measuring distances, Ijst ua there- 
fore choose a unit, and agree to talk in terms of this unit In 
all of our theorems. (It will do no harm to think of our unit as 
being anything we like. If you happen to like inches, feet, 
yards, centimeters, cubits, or furlongs, you are free to consider 
that these are the units that we are using, All of our theorems 
will hold true for any unit , ) 

Thus, to every pair of points, P, Q there will correspond a 
number which is the measure of the distance between P and Q in 
terms of our unit. Such numbers will be used extensively in our 
work, and It would be very inconvenient to have to be continually 
repeating the long phrase "measure of the distance between P and 
Q in terms of our unit" . We shall therefore shorten this phrase 
to "distance between P and Q", trusting that you will be able 
to fill in the remaining words If it should ever be necessary. 
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We can now describe this situation in the following precise 

f ormj 

( Foatulate 2. (The Distance Postulate,) To ever^ 
pair of different points there corresponds a unique positive 
number. 

Definition . The distance between two points is the positive 
number given by the Distance Postulate, If the points are P and 
Qj then the distance is denoted by PQ. 

It will sometimes be convenient to allow the possibility 
P = Q, that is, P and Q are the same point; in this case, of 
course, the distance is equal to zero. Notice that distance is 
defined simply for a pair of points, and does not depei\d on the 
order in which the points are mentioned, Therefore PQ is always 
the same as QP. 

Some of the problems you will be asked to do will Involve 
various units of distance, such as feet, miles, meters, etc. An 
noted above, our theorems will be applicable to any of these units, 
provided you consistently use Just one unit throughout any one 
theorem . You can use inches in one theorem and feet in another, 
if you wish, but not both in the same theorem. 
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2-6. jAt] Inf Hu iar 

At trie I ef.'innlr.r, of thio chapter we laid off a number-acale 
on a line, 1 Ike tliin: 


I 



We could, of course, have compressed the scale, like this: 


-4 -3 -2 -1 0 1 2 3 4 

or stretched it, like this: 


- 2-1 0 12 

But let US a^i'ea, from nnw on, that every number-scale that we 
lay off on a line ia to be chosen in such a way that the point 
labeled x lie.'i at a distance lx| from the point labeled 0, For 
example, corrsider the points P, Q, R, S, and T, labeled with the 
numbers 0, 2, -2, -3, and 4, as in the figure below: 

SR P Q T 

—I 1 1 1 1 1 1__ 

- 3 - 2-10 1 2 3 4 

Then PQ s* 2 , PR m. 2, PS » 3 and PT =» 4, 

If we examine various pairs of points on the number-scale, 
it seems reasonable to find the distance between two points by 
taking the difference of the corresponding numbers. For 
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example j 

PQ = and 2 => 2 - Oj 

QT = 2, and 2 » 4 - 2; 

SQ » 5, and 5=2- (-3): 

RT = S, and 6=4- (-2), 

Notice, however, that If we look at the palra of polntn Jri revorae 
order, and perform the subtractions In reverse order, we will f.-et 
the wrong answer every time: instead of Retting the dlntanr.e 
(which ia always positive), we will get the correcipon-iing negative 
number. This difficulty, however, is easy to get around, Al] we 
need to do la to take the absolute value of the difference of the 
numbers. If we do this, then all of our positive right answers 
will still be right, and all of our negative wrong aruswern will 
become right. 

Thu a we see that the diatance between two points la the 
absolute value of the difference of the corresponding fUimbers ■ 
Surely all this seems reasonable. But surely we have not 
proved it on the basis of the only postulates that we have written 
down so far. (And, in fact, it cannot be proved on the hasio of 
the Distance Postulate.) We therefore sum up the above dlscuoalon 
in the form of a new postulate, like this : 


Postulate 3. (The Ruler Postulate.) The points of 
a line can be placed in correspondence with the real 
numbers in such a way that 

(1) To every point of the line there corresponds 
exactly one real number, 

(2) To every real number there corresponds exactly 
one point of the line, and 

(3) The diatance between two points is the abso- 
lute value of the difference of the corresponding 
numbers , 
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We call thia the Ruler Postulate because In effect It fur- 
nishes us with an Infinite ruler, with a number-scale on it, with 
which we can measure distances on any line. 



Definitions, A 

currefjpondence 

of the sort described in 

postulate 3 Is called 

a coordinate j 

system for the line, The 

number 

corresponding 

to a given point is called the coordinate 

of 

the 

point , 

Problem Set 

2-6 

1. 

Simplify : 




a. 

13 - 6| . 

d. 

1-4 - (- 2 ) 1 . 


b , 

|6 - 3|. 

e . 

la - (-a) 1 . 


c. 

1-2 -ll . 

f . 

lal - 1 -al . 

2 . 

Using the kind of 

coordinate system discussed in the text, 


find the distance 

between point 

pairs with the following 


coordinates : 




a, 

0 and 12. 

f . 

-5.1 and 5.1, 


b. 

12 and 0. 


and -/~1. 


c , 

0 and -12. 

h. 

and x,^. 


d. 

-12 and 0. 

1. 

2a and -2a. 


e- 

-3 and -5- 

j. 

r - a and r + s . 


3. 

Pete -5 -4 Q W P 

I I t- I I I f - 4 1 1 

'^^‘^ 012345678 n r 

The lower numbering on this scale was put there by Jim. 

Pete began the upper numbering but quit. 

a. Copy the scale and write In the rest of Pete's numbering. 

b. Show how to find the distance from P to Q, first by 
using Jim's scale and then by using Pete's scale, 

c. Do the same for the distance from W to P, 

4. Suppose in measuring the distance between two points P and Q 
you Intended to place the zero of the number-scale at P and 
read a positive value at Q, However, you happen to place the 
number- scale so that P Is at and Q Is farther to the right. 
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How la it still possible to measure the distance PO'-* 

^5. Consider a coordinate system of a line. .Suppose 'd la added 
to the coordinate of each point and this new sum is assigned 
to the point. 

a. Will each point then correspond to a number and each 
number to a point? 

b. If two points of the line had coordinates p and q in the 
coordinate system given, what numbers are assigned to them 
in the new numbering? 

c. Show that the formula 

I (Number assigned to one point) -( Number assigned to 
other point) 1 gives the distance between the two points, 

d. Does the new correspondence between points anr! numbers 
satisfy each of the three conditions of Postulate i'’ 

(If it does it may be called a coordinate system.) 

*6. Suppose a coordinate system is set up on a line so that each 
point P corresponds to a real number n, If we replace each 
n by -n, then the point P will correspond to a number -n. 
Show that this correspondence is also a coordinate system for 
the line. (HINT: It is apparent that each point will have a 
number associated with it and each number a point. You must 
show in addition that the absolute value of the difference 
of the numbers assigned to the two points will remain un- 
changed when the numbering is changed . ) 

7. In a certain county the towns of Alpha, Beta and Gamma are 
coliinear (on a line) but not necessarily in that order. It 

is 16 miles from Alpha to Beta and 25 miles from Beta to 
Gamma , 

a. Is it possible to tell whlc.h town is between the other 
two? Which town is rm between the other two^ 

b. There might be two different values for the cllatance 

from Alpha to Gamma, Use a sketch to determine what 
these are. 
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r 


I 


9. 


r, , 


,fl' :/ /I HTH -Ji 

Uii'Jie A '.pm . •■ju.r,:ria 

tfit.A'ncjjj l.,\e ■*t5.er 


1n]',jr!ral,ji)n that the dla 
in ' t.aen v^hlch town Is 


d. 


Aj 

an 


It the Jinfari'c * Aipna 

M ntm.f't; Alpha 1 i* 

I'rv:;, iota 'o Qfmvm. r i n lu', !e;i 
; t'te -"..sier ‘ 

P. n are 1,hrf»f; i < pfiip;; 


ara: retii were r miJeOj the 
and the hlntance 
, vn'.lt-h ';lt>’ vnmld he 


A uni B are 10" apart, 


'.•'111 I". 


thirre 


• ^nc way to arrange 


there p- Kxplul; 

Triree n ll'l'erent r ‘ jr : 
line, Three tixe”. pw 
vaJuG.'i a,', ‘An; 

fith the rirnt, -.y: 
that ni’ !• In ~r. 


ate nyntornr. aj’o afnTlrne.i to the same 
?!;A, P, ■; ot ‘he line are analgneti 

rm the <nr>rilnat(; uf A Ir, -6 and 


Wltli the necotid Ine roordlnaten of A and C are 4 
ah') -3 renpent j vely . 

V.'lth the third the respective roordlnates of C and B 
ai‘e ■' and 4 , 

VIhat point Ui letween the other two? 

Evaluate AB -f HCi + AC. 


• "The Ruler Flaceirient Postulate - Betweenneoa - Segments 
And Rayg 

The Ruler Postulate (Fontulate 3) tells us that on any line, 
>ie can set up a coordinate system by laying off a number-acale. 
Phis can he flone in lota of different ways, For example, given 
3. point P of the line, we can atart by making P the tero-point. 
\nc] we can then lay off the acale in either direction, like this; 


-3-2-1 O 1 2 3 

P 

4 

3 2 1 O -1 -2 “3 


[see. 2-7] 



4o 


This meana that given another point Q (jf the line, we ran always 
choose the coordinate syatem in auch a way that Q corresponds to 
a positive numberj like this: 

P Q 

1 1 1 1 H 1 1 

-3-2-1 0 1 2 3 

or this: 


3 2 1 0 -1 -2 -3 

Let US write this down, for future reference, in the fom of a 
postulate . 


Postulate 4. (The Ruler Placement Postulate.) 
Given two points P and Q of a line, the coordinate 
system can be chosen In such a way that the coordinate 
of P la zero and the coordinate of Q la positive. 


Everybody knows what It means to say that a point B la 
between two points A and C. It means that A, B and C lie on 
the same line, and that they are arranged on the line like this: 



or like this: 

1 ^ 

C B A 

If we are going to use betweenness as a mathematical idea, however, 
we had better give a mathematical definition that states exactly 
what we mean, because the feelings that we have in our bones are 
not necessarily reliable. To see this, let us look at the 
corresponding situation on a circle. In the figure on the left, 
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It aeema rean-'iiaMe aay that B Is Between A and C. But C can 
be moved arDui.o tne rlrf'le in easy staples, without passing over 
A or B, so an to lie just to the left of A, as in the right- 
hand figure. In the final posltlori, Indicated by the exclamation 
point, It lotJKS an If A is between B and C, In this respect, 
circles are tricky. Given any three points of a circle, it is 
quite reasonable to consitler that each of them la between the 
other two. 

Betweennon.n on a line 1:! not at ail tricky. It ia easy to 
say exactly what it means for one point of a line to be between 
two others. We can do this in the following way: 

Definition . B In between A and C if (1) A, B and C are 
distinct points on the name line and { 2 ) AB + BC » AC. 

It is easy to check that this definition really expresses 
our common-senne idea of wliat betweenness ought to mean. It may 
be a good idea ti' explain, however, the way in which language la 
ordinarily used in mathematical definitions. In the definition 
of betweennena, two statementa are connected by the word 
What we really mean is that the statements before and after the 
word are completely equivalent. Whenever, in some theorem or 
problem, we are given or can prove that conditions ( l) and ( 2 ) 
both hold, then we can conclude that B la between A and C. And 
whenever we find that B is between A and C then we can conclude 
that (i) and (2) bath hold. This la not a strictly logical use 
of the word 1^, and in particular the word la never used in 
this way in postulates, theorems or problems. In definitions, 
however, it is common. 

The following theorem describes betweenness in terms of 
coordinates on a line. 
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Theorem 2-1 . Let A, B, C be three poitito of a Unu^ wit.h 
coordinates x, y, z. If 

X < y < K, 

then B Is between A and C, 

Proof: Since x < y < z, we know that the number;; / - x, 
z - y, and z - X are all poaltive. Therefore, ly .ieflnif Ion )f 
the absolute value, 

ly - x| a y - X, 

I z - y 1 =» z - y, 

I z - X I =■ z - X , 

Therefore, by the Ruler Postulate, 

AB = y - X, 

BC = z - y, 

kC ^ z - X. 

Therefore 

AB-f BC = (y - x) + (z - y) 

= -X + z 
5= z - X 
= AC. 

Therefore, by the definition of betweenness, B is between A and C, 
which was to be proved. 


Problem Set 2-7a 

1, a. A number-scale is placed on a line with -3 falling at R 

and 4 at S. If the Ruler Placement Postulate is applied 
with 0 placed on R and a poaltive number on S, what will 
this number be? 

b. Same question if -4 falls at R and -10 at S. 

c. Same queatlon if 8 falls at R and -2 at S. 

d. Same question if -4 falls at R and 4 at S. 

e. Same question if 5.2 falls at R and G.X at S. 

f. Same question If’x, falls at R and x^ at S. 

2. Explain briefly how the Ruler Placement Postulate simplifies 
the procedure given by the Ruler Postulate for computation of 
distance between two points. 
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3. 


Suppnne H, > anr! T 
of the 1 f’r.F.t.hn F.M, 
(See herinitior. of 


are co: linear poltits, Vhat must be true 
.'IT ar.iJ HT if f la to be lelween R and T? 
bet wee:. , ) " 


4, 


A t B 

** ^ AC an 3 !A; each equals 8, 

The cooi’dtnate of C is C. The cnor-’inate of B la greater 
than the roorlir.ate uf C, 'Tnat are the coordinatea of 
A and 


5, If a, 1 and <■ are c , jr Ilr.ai.ea .'f unilinear polntg, and if 

la - c j + i 0 - tl « la - b 1 , Vifiat in li.e cioordinate of the 

point wiiio}* Her : et/woer. tiie ot3-,er twiH He able to Justify 
your aimwcr, 

6. If x^, an J X, are coordinates <jC points on a line such 

that x^j > X.J and x ^ < x^, v^hlch point la ’between the other 

two? '.'.diich. theorem would be used to prove your answer? 


7. Consider a courdlnate system in wlilch A in aaolgne(3 the 

number B Is assigned the positive number r, E the number 

1 j 

r, and F thie ruumber in 
Prove t3iat! 

a, AE = EF « FB 

b. K ifj betweer: A and F. 

*8. Prove: If A, P and C are three points of a line with 

coordinates x, y and r, respectively and if x > y > z, then 
B is between A and C. 


Theorem d-tj Of any tlrree different points on the same line, 
one is b.etvjeer: the other tv/o. 

Proof; Let the points be A, B and C, By the Ruler Postulate, 
there la a coordinate system for the line. Let the coordinates 
of A, B, and C be X, y, and z. There are now six possibilities: 
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(1) X < y < z, 

(2) X < z < y, 

(3) y < X < z, 

(4) y < z < X, 

(5) Z < X < y, 

(6) z < y < X. 

In each of theae caaea, Theorem 2-2 followa by Theorem 2-1. 

In caaea (1) and (6), B la between A and C, In cases (2) and 
(4), C ia between A and B, In caaea (3) and (5), A is between 
B and C. 

Theorem 2-3 . Of three different polnta on the same line, only 
one la between the other two. 

Reatatement . If A, B and C are three different points on the 
same line, and B ia between A and C, then A ia not between B and 
C, and C ia not between A and B. 

(It often happens that a theorem is easier to read, and 
easier to refer to, if it ia stated in worda. But to prove 
theorems, we usually need to eet up a notation, giving names to 
the objects that we will be talking about, For this reason, we 
shall often give restatements of theorema, In the style that we 
have Just used for Theprem 2-3. The restatement gives us a sort 
of head-atart in the proof.) 

Proof! If B la between A and C, then 

AB + BC « AC. 

If A is between B and C, then 
BA + AC « BC, 

What we need to prove la that theae two equations cannot both 
hold at the same time. 

If the first equation holds, then 

AC - BC == AB. 

If the second equation holds, then 

AC - BC = -BA » -AB. 

Now AB is positive, and -AB la negative. Therefore, theae 
equations cannot both be true, because the number AC - BC cannot 
be both positive and negative. 
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In an entlrt-;.' ntr.Mar ■;;ar. nn.iW that C In not between A 

and K, 

Deri.nM, I .r;;> . r' ' r tv,,( i. A ar. i }■ the segment AB is 

the set v.hr.-:tf' p-l;/, ' .ir«* A ar. t h, t^f'ether with all points that 
are netwem. A tu. .* '’r.n pilntn A and 5i are called the end - 

points <if Ar. 

Mutiny tr.at tnnrn .1:? <* ■ Ig '.Mfferer.-ne between the segment AB 
and the distance Ar. The aegrr^or.t is a Keomelrlcal figure, that 
la, a se* -f pni:.'n. T*,e .-istar.^c is a number, which tells us 


how 

far A i 

I‘r t 

; , 



Defiritt 

,i ‘ . 

7'.e 'Jihtance Ah 

!.« called 

the 

segment 

Ji 

a " . 




A ray \ 

(ft j. i J 

iT>i tj.ut 1 1 fkn 

like this: 



A 

B 



The arrow-fiead un the rlKhi is meant to indicate that the ray in- 
cludes all pwintij Jj. the line t(,) tne right of the point A, plus 
the point A itseif. Tne ray in denoted by Notice that when 

we write a"^,, ‘we simply mean the ray that starts at A, goes through 
B, ancS then goes ->r< ii; the same direction forever. The ray might 
look ilKe any of tne foilowing: 


B 


~*A 



•A 

Ib 

That is, the arrow in the symbol AB always goes from left to 
right, regardless of how the ray Is pointed in space. 

Having explained informally what we are driving at, we proceed 
to give an exact definition. 
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Definitions. Let A and H Le poiniR «f a 1-tneJ^. TLa a6 
13 thr'set'~wlilch is the union of (l) the Ah and (k) tne 

aet of all points C for which it is true that B is retvveen A and 
C. The point A is called the end-ptJint of aS. 

These two parts of the ray are as indicateJ; 

( 1 ) 


A B C 

If A Is between B and G on L, then the two rays 
"eo in opposite direction/ like this: 

$ ^ 


(b and AC 




0 « 

Definition . If A is between B and C, then AS and AC are 

called opposite rays . 

Note that a pair of points A, B determines six /,eumei vit 

figures: AS 

The line " * * 

The segment AB, * * 

The ray 


The ray BA, 


The ray opposite to 
The ray opposite to BA. 


The Ruler Placement Postulate has three more simple and 
useful consequences. 

Theorem 2-4, (The Point Plotting Theorem) Let AH he a ray, 
and let x be a positive number. Then there la exactly uijfi 
point P of AB such that AP = x. 

Proof: By the Ruler Placement Postulate, we can choooe tne 
coordinate system on the line S in such a way that the t:uurtJlnate 
of A is equal to 0 and the coordinate of B is a positive 
number r: 

A B P 

I 1 — 1 . 

0 r X 
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(In the rigure, the labels above the line represent points, 
and the labels below the line represent the corresponding numbers, ) 
Let P be the point whose coordinate is x. Then P belongs to 
and AP » |x - 0| =* [xl ax, because x is positive. Since only 
one point of the ray has coordinate equal to x, only one point of 
the ray 116a at a distance x from A, 

Definition , A point B la called a mid-point of a segment 
AC if B is between A and C, and AB * BC. 

-g f 

Theorem 2-5 - Every segment has exactly one mid-point. 

Proof. On the segment AC we want a point B such that AB « BC. 
We know, by definition of a segment, that B is between A and C, 
Therefore, AB 4- BC « AC, Prom these two equations we conclude 
that 2AB « AC, or AB » AC. Since B is to lie on segment AC 
it must also lie on ray and Theorem 2-4 tells us that there 
is exactly one such point B. 

Definition . The mid-point of a segment is said to bisect the 
segment. More generally, any figure whose intersection with a 
segment is the mid-point of the segment is said to bisect the 
segment . 


Problem Set 2-7b 

1, If three points are on a line, how many of them are not 
between the other two? 

2 . Each of the following is a particular case of what definition 
or theorem? 

If three colllnear points R, S and T have coordinates 
respectively 4, 5 and 8: 

a. S is between R and T because 4 < 5 and 5 < 8. 

b. R cannot be between S and T since S is between 
R and T, 

c. S is between R and T because RS + ST = RT. 
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3. Describe in mathematical language what points are included in: 

a. XY b. X? 

* 4 , Show that the restriction "between A and C" in tne definition 
of the midpoint of Tc is unnecessai-y by proving the 
following theorem: 

If B is any point on the line ^ such that AB « BC, then 
B is between A and C, (Hint; Show that A cannot be 
between B and C nor C between A and B, Use algebra in 
showing this. Use Theorem 2-2 to finish the prtntf , ) 

*5. Suppose that P is a point on a line M and r is a positive 
number. Which of the previous theorems shows that there 
are exactly two points on M whose distance from P is the 
given number r? 

*6. Prove that if B is between A and C, then AC > AB. 

7. a. Copy the following paragraph. Supply the appropriate 
missing symbol^ if any, over each letter pair, 

XZ contains points Y and R, but XZ contains neither 
points Y nor R. R belongs to XZ but Y does not. 

YZ + ZR a YR. 

b. Make a drawing showing the relative position of the 
four points . 

Review Problems 

1- Consider the following sets; 

S^ is the set of all boys in the 10th grade. 

Sg is the set of all girls in the 10th grade, 

Sg is the set of all 10th grade geometry students, 

Sj^ is the set of all students in high school, 

S^ la the set of all 10th grade students. 

a. What ia the intersection of S.and S,.’ 

1 5 

b. What is the union of and Sj^? 

c. What ia the Interaectlon of and S|^? 
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2 . 

3. 

4. 

5. 

6 . 

7. 


d. What is the -inlon of ani Tv,,? 

i. d 

e. What Js the intersection of and 

a. How rnany s joa^res does a given positive numter have? 

b. How many square roots? 

c. Iriv^^tiver negative'’ 

a. Draw a line and locate the following points on it. 

(The coordiriite of each point is given in parentheses,) 
Use any unit of measure you choose, but use the same 
lailt throughout, 

P fd*), Q (-1), R (0), S (-3), T (4). 

b. Find TR, PT, QS. 

a* If a > r , then a •* t is . 

b, If w < k ani < 4, then k is . 

c. If a < ': then a - b is , 



a. Write an equati>n that describes the relative positions 
of thcvce three points. 

b, Under vfhat condition would B be the midpoint of AC? 

Four points A, B, C, D are arranged along a line so that 
AG > AB and BD < EC, Picture the line 'with the four points 
in place. Is there more than one possible order? Explain, 
The letter pairs contained In the following paragraph are 
either numbers, lines, line segments, or rays. Indicate 
which each ia by placing the proper missing symbol, if any, 
above each letter pair. 

"AB + BC » AC, DB contains points A and C, but DB con« 
tains neither point A nor point C, A belongs to DB 
but C does not." Draw a picture that illustrates your 


response , 

8. A la the set of all integers x and y whose sum Is 13. B Is 
the set of all integers whose difference is 5. What is the 
intersection of A and B? 
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9. John aaid^ "My house is on West Street halfway between Bill's 
house and Joe's house." Pete aaid, "So ia mine.'" What can 
you conclude concerning John and Pete? 

10. N men alt on a straight bench. Of how many may it be said, 
"He sits between two people?" 

11. Use the figure below to answer questions a, through e.: 



a. Describe the intersection of triangle AEF and 
rectangle ABGD, 

b. Describe the intersection of segment EF and 
rectangle ABGD. 

c. Describe the union of segments AP, EP, and Xe. 

d. Describe the intersection of segments AE and 

e. Describe the union of triangle AEF and segment AE. 

12, Given a group of five men (Messrs. Andrews, Brown, Crawford, 
Douglas, and Evans), a. Prom the group, how many different 
4-man committees can be formed? b. 2-man? c. 3-man? 

13, Given that A, B and C are collinear and that AB » 3 and 

BC = 10, can AC = 6? Give a picture to explain your answer. 

14, Indicate which of the following statements are true and 

which are false. For any that are false, give a correct 
answer. 


a. 

l-lBfTi = 20, 

e . 

|-4| - |_iil „ _ 

b. 

1-8-91 = 17. 

f . 

|(3a-6) ~ (a-7)l 

c , 

|5a-6a| » |a|. 

g. 

1 7 1 " 1 9 1 « ~2 , 

d . 

|9+2| = 11. 

h. 

l-lll - 1-41 = 


I 
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-30 0 X y 

LookiCK, at thii5 numt fjr-8rale, Jack said, "The length of "rq 
la Jari iTiairitaine't that when giving the length of 

It vjnuld he .Innt an ft^rrect to use simply y-x. 

IK) you agree ;'a:n? Explain. 

The fli’ct rcstnherlng of the points on the line below represents 
a coordlnat,e nytJtem, Which of the other numberings are not 
coardiJtatG systems according to Postulates 2 and 3? 


-3 -2 

-1 

0 

1 

i 

2 

1 — 

3 

4 

>■ 

5 

' " ■< ' 

6 

"1^ 

7 

a. -7 

'^5 

-1} 

-3 

-2 

-i 

0 

1 

2 

3 

b , f 1 i 

L* 

'i 

4 

5 

4 

3 

2 

1 

0 

C . 11 1 2 

13 

14 

.15 

16 

17 

18 

19 

20 

21 

d. -11 -Ki 

-13 

-14 

-15 ' 

-16 . 

.17 

-18 

-19 

-20 

-21 

e. -3 -2 

1 

0 

-1 

2 

3 

4 

5 

6 

7 

Consider the 

points 

of a 

line 

whose Goordinatea 

are ( 

leacribed 

as foilowar 










a . X < 3 < 



e . 

X 

-3. 





b, X •* 1 . 



f . 

1x1 

^ 3. 





c , X > 2. 



g. 

1x1 

> 2 . 





d . X 1 . 



h. 

|xl 

2 0 . 





Vt'hich of the 

above 

seta 

la a 

ray? 

A point? 

A 

line? 


A segment? 
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a:;d .'-KPAHATinn 


3-1, 

Jii ' 

nipar 

plan*’!', an*! ; 
pOlni. , ! 1 


’a;‘, '‘n,'inn'' , we va'> *(> triLkint; ')nly about .Llnec and the 
’’ ! ' ! ‘ . V.'i< I n !rW procf'C'd to the study of 

■ <•' *< f; . ' 1 hhnt oiif Laolo undef'lned terms are 

L''*'*'.- '.Inn is (X net of points, and every 


plane ‘ 

; * "1 


1 ‘ r' 





* 

’ ’ I 


1' »* 1 

1 r* 

*. J S 

* ( 

: rn'" 

' 1, 

» I vr 1 

Ing to 


t 



ru, ; 

fiomr '»? 

* 1 

( * 

V - ' 

• !■' »* * 

* 

'i , 

hr 

t '(i 

h: 

yi 

' ? ' 

'r 

Tijrar t 

'n i u 

ft', 

:“.n v;l 

’ 1 

t f 

accent 

'.lit' 

■ 

Wl tjU' 

1 it. 

|U'< 

till!!, ll 

*W»' 

7»' 

T‘. Ij 

)(' 

y \ 

tion, n 

hd 

tn 

t • ’’ f ■ r 

It 

r> >' ' 

por.tula 

t**:; 


' n a 

ha 

tf'!' 

not wor 

VV 

al 

out ' 

.nl 

- n 

try to 

f7't 

t 

iiri'f 

bu 

1 /; 


it r, . 

5 'll ! p'jlnts Ir. called space . 
w’ ;] axpialn GOmn of tlie terms we are go- 
’ p'l'.jitr;, liner, and planes, and state 

lutr tiiom Mont of these basic facts will 
."*)■. e t)!’ tiu-m will he stated as theorems. 

I' nlnple that It would be reasonable to 
f, find call t.hem postulates, We do not do 
of them ! r. going to be proved in this sec- 
'■m will be proved, on the basis of the 
haptor. For the present, however, let us 


Problem Set 3-la 

1. On a plt'cn o!’ paper, or on the blackboard, place two marks to 

ropresMit r-olnt!’- A and B. How many different lines can you 
draw t.hr.i'sgh both A and HV Vmat happens if you consider "line" 
In a 'it.hrr than "otra,lKht"V 

2 . Take a pi ore f)f ntUT cardboard or your book. Can you support 
It In a fixed position on the ends of two pencils? What Is 
the minimum number of pencils needed to support It In this 
way? 

3. Think of one oover of your book as part of a plane. How many 
points are needed to determine this plane? 

How many end-points does a line have? How many end-points does 
a line segment have? 
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De finition , A set of points l.s cu! 1 int.-nr i.r in a lino 

which contains all the points of the set. 

Definition . A set of points is coplanar If ttn-ne ir. a plane 
which contains all the points of the set. 



For example, In the above figure of a triangular pyr’a.mld, A, 

E and B are collinear, and A, P and C are colli near, but A, B and 
C are not collinear. A, B, C and E are coplanar, and A, C, D, F 
and G are coplanar, but A, B, C and D are not coplanar. 

One of the properties we desire for the sets of points which 
we call lines, planes and space is that they should contain lots 
of points. Also, a plane should in some sense be "bigger" than a 
line and space should be "bigger" than any plane. The existence 
of plenty of points on a line Is Insured by the Ruler Postulate; 
for planes and space the following postulate will give us the pro- 
perties we want : 


Postulate 5, (a) Every plane contains at ieaot 

three non-collinear points, 

(b) Space contains at least fo\ir non-coplanar points. 
For convenience in reference we repeat Postulate 1, 


postulate 1, Given any two different points, there 
is exactly one line which contains them , 
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TJicort'jr 


line:; 


point . 


intersect tn at most 


one 


The pr v>:" th ; 
for two rti J’3'*.’veri^ 

Q becaiise ly 'ii-i'.*' 


from Postulate 1 . it la impossible 
... <Fjtfrcecb in two different points P and 
i there Ss only one line that contains P and 


a. 


Problem f.et 3~lb 


1 , Given; 1. 1.^ and L., are different lines. 


3, 


point P lien on L, and 

^ d 

I KUt lies on Lj and L,, . 

What can yon cay must he true about P ana 

How many lUiro; oar. onlaln one given point? two given points? 
any three given points'-’ 

'fhe diagram shows tnree different lines AE, CD, and%;P, whose 
view in part ‘.ally obstructed by a barn, If and H intersect 
to the left of the barn, which postulate says that they cannot 
also liitersect to the right of the barn? 



Draw a diagram to illustrate each part of this problem and jus- 
tify your answers in terms of Postulate 1, 
a. How many lines can be drawn through both of two fixed 
points? 
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b. How many lines can be drawn through three points taken two 
at a time? 

5 . a. How many lines can be drawn through four coplanar points, 
taken two at a time, if no three of the points are collin- 
ear"^ (Hint: Call the points A, B, C, D.) 

b. How many lines would there be if points A, B, and C were 
colllnear? 

c. Draw a diagram for (a) and (b). 

* 6 . "A point lies on a line" and "a line contains a point" are two 

forms of saying the same thing. 

a. The definitions of collinear and coplanar are phrased using 
the second form, Rephrase these definitions using the 

1 

first form. 

b. The first part of Postulate 5 la phrased using the second 
form. Rephrase this part of Postulate 5 using the first 
form . 

*7- As in Problem 6 , Postulate 1 is written in one of the two forms, 

Which form? Restate Postulate 1 in the other form. 


By Postulate 5 a plane contains at least three points, Does 
it contain any more? On the basis of our present postulates we 
cannot conclude that it does, so we introduce 


Postulate 6 . If two points lie in a plane, then 
the line containing these points lies in the same plane . 


This postulate essentially says that a plane is fla,t, that la, 
that if it contains part of a line It contalna the whole line , 

Theorem 3-2. If a line intersects a plane not containing it, 
then the intersection is a single point, 

This follows from Postulate 6 in the same way that Theorem 
3-1 follows from Postulate 1 . 
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The figvxre shows line L, Intersecting a plane E in a point P. 
You are going to see lots of drawings like this, of figures in 
space j and to learn to draw them yourself. You should examine then 
carefully to see how tliey work. We usually Indicate a plane E by 
drawing a rectangle in E. Seen In perspective, the rectangle looks 
somewhat like a parallelogram. The line L punctures E at P, Part 
of L la dotted. This to the part that you "can't see", because the 
rectangular piece of E gets in the way. (For a discussion on draw- 
ing 3-dimensional figures see Appendix V. ) 

We have seen that two points determine a line. The next 
postulate specifies a similar determination of a plane. 


Postulate 7. Any three points lie in at least one 
plane, and any three non-colllnear points lie in exactly 
one plane. More briefly, any three points are coplanar, 
and any three non-colllnear points determine a plane. 


Theorem 3-3. Given a line and a point not on the line, there 
is exactly one plane containing both of them. 
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The figure showa a plane E determined by the line Ii and the 
point P. 

Theorem 3-4. Given two interaectine lines, there is exactly 
one plane containing them. 



The figure shows two lines and L^, intersecting in a point 
P. E is the plane that contains both lines. 

Finally, we state one more postulate: 

Postulate 8_. If two different planes intersect, 
then their intersection is a line. 


Problem Set 3-lc 

1. How many planes can contain one given point? two given points? 
three given points? 
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3. 

H. 

5 . 

6 . 

7. 


On a lev€!i i'ioor, why will a four-legged table sometimes rock, 
while a ihrcfe-log^ed table is always steady? 

Complete: Tvkj different lines may intersect in a 

and two different planes may Intersect in a . 

Can two points be non~oolltnear’ three points? four points? 
n point""' 

Write a earoful d(*finitlon of a set of non-colllnear points. 
Given: 1. fointa A, R, C lie in plane E, 

Points A, B, C lie in plane P, 

Can you conclude that plane E is the same as plane F? Explalr 


Complete the following statements using the 


accompanying diagram. 


a. 

Points 

D, 

c. 

and are 

colllnear . 

b. 

Points 

E. 

I"’, 

and are 

collinear . 

G . 

Polntn 

B, 


and A are 

colllnear . 

d. 

Po Into 

A, 

B, 

C, D, E, F, 

are 



8. Examine the following figure of a rectangular solid until you 
.see how it looks as a three-dimensional drawing. Then close 
the book and draw a figure like this for yourself, Practice 
until you are ''atlafled with the results. 



9. After doing Problem 8, draw a figure that represents a cube. 

10. Draw a plane E, using a parallelogram to indicate the plane. 
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Draw a line segment which lies in the plane E, Draw a line 
that Intersects the plane E but does not Intersect the line seg- , 
ment . Use dashes to represent the part of the line hidden by ' 
the plane. 

11. The accompanying figure is a triangular 
pyramldj or tetrahedron. It has four 
vertices: A, B, C, D, no three of 
which are colllnear. 

a. Make a definition of an edge 

of this tetrahedron. Use the 
Ideas of the text to help you A 

form the definition. 

b. How many edges does the tetrahedron B 

have? Name them . 

c. Are there any pairs of edges that do not Intersect? 

d. A face Is the triangular surface determined by any three 
vertices. There are four faces; ABC, ABD, ACD, BCD, Are 
there any pairs of faces that do not intersect? Explain. 

12. How many different planes (determined by 
triplets of labeled points) are there in 
the pyramid shown? Make a complete list, 

(You should have seven planes . ) 

Theorems ^ the Form of Hypothesis and Conclusion. 

Nearly every theorem is a statement that 1^ a certain thing la 
true, something else is also true. For example, Theorem 3-1 

states that if and are two different lines, then intersects 

Lg in at most one point. The if part of a theorem is called the 
h a E othesi _ s , or the £l^ data, and the then part is called the con - 

elusion, or the thing to be proved . Thus we can write Theorem 3-1 
in this way: 

;^ e^rem 3- 1. Hypothesis! and Lg are two different lines. 

Conclusion; intersects Lg in at most one 

point . 

Postulates, of course, are like theorems, except that they are 
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not going to be proved. Moat of them can be put in the same if . . . 
then form as tneorema. Postulate 1 can be stated this way: 
Hypothesis; P and Q are two different points, 

Conclusion: There io exactly one line containing P and Q, 
There are cases in which the hypothesis-conclusion form does 
not seem natural or useful. For example, the second part of Postu- 
late expressed in this form, looks awkward: 

Hypothesis; S Is space. 

Conclusion; Not all points of S are coplanar. 

Such cases, however, are very rare. 

It is not neceooary, of course, that all theorems be stated in 
the hypotheois-conclu.sion form. It ought to be clear, regardless 
of the form in which the theorem is stated, what part of it is the 
hypothesis and what part is the conclusion, It is very Important, 
however, that we be able to state a theorem in this form if we want 
to, because if we cannot, the chances are that we do not understand 
exactly what the theorem says. 


Problem Set 3-2 

1, Indicate which part of each of the following statements is the 
hypothesis and which part is the conclusion. If necessary, 
rewrite in if-then form first. 

a. If John is ill, he should see a doctor. 

b. A person with red hair is nice to know. 

c. Four points are collinear if they lie on one line. 

d. If I do my homework well, I will get a good grade. 

e. If a set of points lies in one plane, the points are coplanar 

f. Two intersecting lines determine a plane. 

2. Write the following statements in conditional, or if-then, form: 

a. Two different lines have at most one point In common. 

b. Every geometry student knows how to add integers. 

G. When it rains, it pours, 

d , A line and a point not on the line are contained in 
exactly one plane . 
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e. A dishonest practice is unethical. 

f . Two parallel lines determine a plane . 

3. Using the words "if" and "then", write Postulate 1 and Theorem 
3-1 in conditional form. Indicate the hypothesis and th® con- 
clusion for each case . 

4, a. Does the following statement mean the ootw thing as Theorem 

3-4? "Two lines always intersect in a point, and there is 
exactly one plane containing them." Why or why not? 
b, Write Theorem 3-4 in the "hypothesis and conclusion" form. 


3-3. Convex Sets . 

Definition . A set A is called convex if for every two points 
P and Q of A, the entire segment ¥5 lies in A. 

Pbr example, the three sets pictured below are convex. 





Here each of the sets A, B and C consists of a region of the plane 
We have illustrated their convexity by showing a few segments 
None of the sets D, E and F below is convex; 
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We have shown why not, by showing pairs of points P, Q for which 
the segment does not lie entirely in the given set. 

A convex set may be very large, For example, take a line L 
in a plane E and let and Hg be the sets lying on the two sides 
of L, like this: 



The two sets and Hg are called half -planes or sides of L, and 
the line L is called an edge of each of them. (Notice that L does 
not lie in either of the two half -planes j L is not on either side 
of itself, } 

If two points P and Q are in the same half -plane, say then 
the segment also lies in and so does not intersect L. 



Thus la convex. And in the same way, Hg is convex; this is 
illustrated by the points R and S in the figure , 

We notice, however, that if T and U are points belonging to 
different half-planes, then the segment TU intersects L, because 
you cannot get from one side of L to the other side without crossing 
the edge. We express this fact by saying that L separates from 
Hg in the plane, or that L separates the plane into two half -planes 
and Hg. 
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This discussion is a fair account of the facts j but it is not 
very good mathematical form, because it is based on a postulate 
that we haven't even stated so far. We shall therefore state the 
postulate that is needed, and then state the definitions that are 
based on it , 

Postulate 9. (The Plane Separation Postulate.) 

Given a line and a plane containing it. The points of 
the plane that do not lie on the line form two sets such 
that (l) each of the sets is convex and (2) if P is in 
one set and Q is in the other then the segment inter- 
sects the line. 


Definitions , Given a line L and a plane E containing it, the 
two sets determined by Postulate 9 are called half - planes , and L 
is called an edge of each of them. We say that L separates E into 
the two half-planes, If two points P and Q of E lie in the same 
half -plane, we say that they lie on the same side of L; if P lies 
in one of the half-planes and Q, in the other they lie on oppoaibe 
sides of L, 

We see that the Plane Separation Postulate says two things 
about the two half -planes into which a line separatee a plane*. 

(1) If two points lie in the same half-plane, then the seg- 
ment between them lies in the same half-plane, and so never inter- 
sects the line. 

(2) If two points lie in different half-planes, then the 
segment between them always intersects the line. 

If we do not restrict our attention to a single plane we can 
have many half -planes with the same edge. The plctwe 
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illustrates five of the infinitely many possible half -planes having 
line L for edge . Note that points P and although they lie in 
different half -planes j cannot be said to be on opposite sides of L, 
This can only be said of points like P and R which are coplanar 
with L, 

A plane separates apace > in exactly the same way, into two 
convex seta called half-spaces. 


P 



In the figure, is the half -space above E and Hg is the half 
space below E. P and Q lie in and so also does the segment 7^. 
P and S are in different half-spaces, so that the segment 'FS' inter- 
sects E in a point X. R and S are In the same half -space Hg, and 
so also is the segment RS". 
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This situation is described In the following postulate. 


Postulate 10. (The Space -Separation Postulate.) 
The points of space that do not lie in a given plane 
form two sets such that (l) each of the sets Is convex 
and ( 2 ) If P is in one set and Q Is In the other, then 
the segment F5 Intersects the plane. 


Definitions . The two sets determined by Postulate 10 are 
called half-spaces , and the given plane is called the face of each 
of them. 

Note that while a line is an edge of infinitely many half- 
planes, a plane Is a face of only two half -spaces. 


Problem Set 3-3 

In answering the following questions use your Intuitional 
understanding of planes and apace in situations nob covered by our 
postulatlonal structure. 

1. Be prepared to discuss the following questions orally. 

a. Is a line a convex set? Explain. 

b. Is a set consisting of only two points convex? Why? 

c. Is a ray a convex set? 

d. If one point Is removed from a line, do the remaining 
points form a convex set? Why? 

e. Is the set of points on the surface of a sphere convex? 
Why? 

f . Is the apace enclosed by a sphere a convex set? 

g. Does a point separate a plane? space? a line? 

h. Does a ray separate a plane? Does a llne'^ Does a line 
segment? 

i. Can two lines In a plane separate the plane into two Re- 
gions? Three regions? Pour regions? Five regions? 

j. Into how maariy parts does a plane separate apace? What are 
these parts called? 
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2, Every point on PQ is contained In the set 
shown. Does this mean that the set is 
convex? Explain. 

3, Which of the regions indicated by 
Roman numerals are convex seta? 

Give reasons for your choice. 

4, la every plane a convex set? Explain. Which postulate Is 
essential in your explanation? 

5, The interiors of circles A and B 
are each convex sets, 

a. la their intersection a convex 
set'’ Illu.atrate. 

b. Is their union a convex set? Illustrate. 

6, If one point is removed from a plane, is the set formed con- 
vex? Why? 

7, If L is a line in a plane E, is the set of all points of E on - 
one side of L a convex set? 

8, Draw a plane quadrilateral ( a figure with four sides ) whose 
interior is convex, Draw one whose interior is not convex. 

9, Is the set of points containing all points on the surface and 
all points in the interior of a sphere convex? 

10. Ta the set of points in a torus (a doughnut shaped figure) 
convex? 

11. Is the union of two half -planes which are contained in a plane 
the whole plane if 

a. the half -planes have the same edge? Explain. 

b. the edge of one half -plane intersects the edge of the 
other half-plane in exactly one point? Explain, using a 
diagram if necessary, 

12. a. Into how many parts does a point on a line separate the 

line? What name would you suggest giving to each of these 
parts? 

b. Using the terminology you developed in part (a), write out 
a Line Separation Statement similar to Postulater 9 and 10. 
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13. How does a ray differ from a half-line? 

14. Can three lines In a plane ever separate the plane Into three 
regions? four regions? five regions? six regions? seven 
regions? 

15. Into how many parts do two intersecting planes separate space? 
Two parallel planes? 

16. What is the greatest number of parts into which space can be 
separated by three distinct planes? What is the least number? 

*17. Write a careful explanation of why the following statement is 
true. The intersection of any two convex seta which have at 
least two points in common is convex. (Hint: I.et P and Q. be 
any two points belonging to the intersection.) 

*l8. Sketch any geometrical solid bounded by plane surfaces such 
that the set of points In the interior of the figure is not 
convex. 

Review Problems 

1. Each of 3 planes intersects each of the others. May they 
intersect in one line? Must all three Intersect in one line? 
Explain . 

2. How many planes will contain the three given points A, B, and 
C if no line contains them? 

3. Write each of the following statements in the "if-then" form. 

a. Zebras with polka dots are dangerous. 

b. Rectangles whose sides have equal lengths are squares, 

c. There will be a celebration If Oklahoma wins. 

d. A plane is determined by any two intersecting lines, 

e. Cocker spaniel dogs are sweet tempered. 

4. Supply the following information about the postulates in the 
chapter . 

What property of each of the half-planes is mentioned in the 
Plane Separation Postulate? 

Do the half-spaces of the Space Separation Postulate have 
the same property^ 
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5. Criticize the following statement; 

"The top of the table is a plane." 

6. List all the situations we have studied which determine a sin- 
gle plane. 

7. A set is convex if for every pair of points in it, all points 

of the segment Joining the two points lie 


8. Given that plane E separates space into half-spaces R and S, 
and that point A is in R and point B Is in S, does TS have to 
intersect E7 

9. intersects plane E in P but does not lie in E, lies in 
plane E but does not contain point P. la it possible for 
and Lg to intersect? Explain, 

10. a. A set of points is colllnear if 


b, A set of points is coplanar if 


c. May 3 points be colllnear? 

d. Must 2 points be colllnear? 

e. May n points be colllnear? 

f. Must 3 points be coplanar? 

g. May n points be coplanar? 

11. Points P and Q lie in both planes E and F which intersect in 
line AB. Would it be correct to say that P and Q lie on AB? 
Explain. 

12, Is the union of a half -plane and a ray on its edge convex? 




Chapter 4 

ANGLES AND TRIANGI^S 


4-1- The I3a3 ic Dof initlona . 

An angle In a figure that looks like one of these: 



To he more exact: 

Definitions . An angle is the union of two rays which have 
the same en-J-polnt but do not He In the same line. The two 
rays are called the sides of the angle, and their common end- 
point is called the vertex , 

The angle which la the union of AB and AC is denoted by 
/ BAG, or by / CAB, or simply by / A if it is clear which rays 
are meant. Notice that / BAG can be equally well described by 
means of A and any two points on different sides of the angle. 



A C E 


In the above figure / DAE Is the same as / BAG, because AD Is the 
same as AB and AE la the same as AG. 

Notice that an angle goes out Infinitely far In two direc- 
tions, because Its sides are rays, rather than segments. The 
figure on the left, below, determines an angle uniquely, but Is 
not all of the angle; to get all of the angle, we have to extend 
the sogmenta AB and AC getting rays AH and AC, as on the right. 
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Deflnltlona . If A, B, and C are a^ three noi^colilnear 
pointa> then the union of the segmenta AB, BC and AC is called 
a triangle, 



and la denoted by AABCj the points A, B and C are called its 
vertlcea , and the segments AB, BC and AC are called its sides . 
Every triangle determines three angles; A ABC determines the 
angles / BAG, / ABC and / ACB, which are called the angles 
of A ABC . For short, we will often write them simply as 
£k, /_B, and /_C. 

Note that while AABC determines these three angles. It does 
not actually contain them. Just as a school does not contain 
its own graduates, so a triangle does not contain its own angles, 
because the aides of a triangle are segments, and the sides of 
an angle are rays. To draw the angles of a triangle, we would 
have to extend the aides of the triangle to get rays, like this: 



There usually is not much point in doing this, however, 
because It is plain what the angles of a triangle are supposed 
to be. 
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The Interior of an angle consists of all points that lie 
Inside the angle; and the exterior of an angle consists of all 
the points that lie outside, like this; 


Exterior 



We can state this more exactly as follows: 

Def Initlons . Let / B AG be an angle lying in plane E, 

A point P of E lies in the Interior of / BAG if (l) P and 
B are on the same side of the line ^ and also (2) P and Care 
on the same side of the line The exterior of / BAG is the 

set of all points of E that do not lie in the interior and do 
not lie on the angle Itself. 

You should check carefully to make sure that this really says 
what we want it to say. In the figure, P is in the interior, 
because F and B are on the same side of AC and also P and C are 
on the same aide of Q is in the exterior, because Q and C 

are not on the same aide of AB. R la in the exterior, because 
R la on the "wrong side" of both of the lines AB and AC. S is in 
the exterior because it is on the "wrong side" of AC. 

Notice that we have defined the interior of an angle as the 
interaectlon of two half-planea. The half-planea look like this: 
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Here one of the half-planea ia croaa-hatched horizontally, the 
other l 3 cross-hatched vertically, and the Interior of / BAG Is 
cross-hatched both ways. 

The Interior of a triangle consists of the points that lie 
Inside It, like this: 

B 



More precisely: 

Definitions . a point lies in the interior of a triangle if 
it lies in the interior of each of the angles of the triangle, 

A point lies in the exterior of a triangle if it lies in the 
plane of the triangle but is not a point of the triangle or of 
its interior. 

You should check carefully to make sure that this really 
says vjhat we want it to say. 
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Problem Set 4-1 

1 , Complete this definition of angle: An angle ia the 

_ of two which have the aame end- 
point, but do not lie in the aame . 

2 , Complete this definition of triangle: A triangle la the 

of the three Joining each 

pair of three points. C 

3, Are the aides AC and AB of 
A ABC the aame aa the aides 

of / A? Explain. 

Xb 

4, Is the union of two of the angles of a triangle the aame 
aa the triangle itself? Why? 

5, Into how many regions do the angles of a triangle separate 



7. Name the angles in the figure. 



[sec. 4-lJ 



76 


9. Name the anglea In the figure. 
(There are more than six.) 


10, Name all the triangles In the 
figure , (There are more than 
eight) . 


11. a. Name the points of the 

figure which are In the in- 
terior of /_GBA, 
b. Name the points of the 
figure In the exterior 
of /_B. ® 'H ' ■ 

12. la the vertex of an angle In the interior of the angle? 
in the exterior? Explain. 

13. Is the interior of an angle a convex set? is the exterior? 

14. la a triangle a convex set? 

15. la the interior of a triangle a convex set? la the exterior? 

16. a, Can a point be in the exterior of a triangle and In the 

interior of an angle of the triangle? Illustrate, 
b. Can a point be in the exterior of a triangle and not 

In the interior of any angle of the triangle? Illustrate, 

17. Given aABC, and a point P. p.ls In the interior of 

and also in the interior of / ACB. What can you conclude 
about point P? 

18. Given aaBC and a point P, P and A are on the same aide of 
§5. P and B are on the same aide of 
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a. Is P In the interior of / ACB? 

b, Is P In the Interior of A ABC? 

19 . Carefully explain why the following statement Is true; 
If a line ra intersects two sides 
of a triangle ABC In points 
D and E, not the vertices of the 
triangle, then lln® m does not 
Intersect the third side, 

(Hint; Show that A and B are 
in the same half-plane.) 


Peroarka On Angles . 

What we have presented in this chapter la the simplest form 
of the idea of an angle. Accoiv3lng to our definition, an angle 
Is simply a set which is the union of two non-colllnear rays, 
like this: 


Angles, in this sense, will be quite good enough for the purposes 
of this course. Later, you will see the idea of an angle In var- 
ious other forma. Here we explain these other forma briefly, 
merely in order to avoid confusion In case you may have heard of 
them already. 

( 1 ) In the first place, we sometimes think of an angle as 
being obtained by rotating a ray from one position to another, 

In this case, one ray Is the initial side, and the other Is the 
terminal side. Thus we would consider the two angles below as 
being different, because the rotations are In two different 
directions: 





[see. 4-2] 





I'he firat is called a positive angle,* the rotation is counter- 
clockwise- The second is a negative angle; the rotation is 
clockwise, 

(a) People sometimes apeak of straight angles, which look 
like this! 


B 


A 


C 


Here the rays A^i and ^ are considered to form an angle, even 
though A, B, and C are collinear, 

(3) Finally, we sometimes distinguish between an ordinary 
angle and a reflex angle having, the same rays as its sides. The 
double-headed arrow below is supposed to Indicate a reflex angle: 



These complications, and various others of the same sort, 
will not be used In this book, because they will not be needed. 
For example, the angles of a triangle are never reflex angles, 
and there is no reasonable way to decide In which direction they 
should be considered to go. Not until we get to trigonometry do 
these fancy angles become necessary and Important. 
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4-3. Measurement Of Angles . 

Angles are usually measured In degrees^ with a protractor. 
With the protmctor placed aa in the figure below, with ita edge 
on the edge of the half-plane H, we can read off the measures of 



The number of degrees In an angle is called its measure . If 
there are r degrees in the angle / XAY, then we write 

m ^XAY « r. 

For example, in the figure we read off that 

m / FAB « 10, 
m « 40, 

m /_RAB « 75, 
m / SAB « 90, 
m /_TAB » 105, 

and so on, Of course, the rays that are drawn form more angles 
than this , By subtraction, we can see that 

m ^QAP = 40 - 10 « 30, 
m /_SAR a 90 - 75 = 15, 

and so on. 


[sec, 4-3] 


80 


/ QAB ® ^0) WQ Bpsslt ot / QAB &fl ft 40 &iigl6| &nd 
vie Indicate its measure In a figure like this: 



But we don't need to use the degree sign when we write » 40, 

because as we explained at the outset, m /iQAB means the number 
of degrees In the angle. 

Notice that In Figure h there la no such thing as the angle 
because the rays a 5 and aS are colllnear. But we notice 
that the ray AC corresponda to the number l80 on the number-scale 
of the protractor, and the ray aS corresponds to the number 0. 
Therefore we can find m /,GAU by writing 

m /_CAU B 180 - 130, 

m 50. 

Similarly, 

m /_CAQ - 180 - 40, 

« 140. 

The following postulates merely summarize the facts about 
protractors that we have Just been discussing. Each of them is 
illustrated by a figure. 


Postulate 11 . (The Angle Measurement Postulate.) 
To every angle / BAG there corresponds a real number 
between 0 and 18O. 



m/I.BAC=r 


Definition . The number specified by Postulate 11 Is 
called the measure of the angle , and written as m / BAG. 
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Postulate 12 . (The Angle Construction Postulate.) 
Let aS be a ray on the edge of the half-plane H. For 
every number r between 0 and 180 there la exactly one 
ray with P In H, such that m /1.PAB => r. 



A B 


Postulate 13 . (The Angle Addition Postulate,) 
If D is a point in the interior of / BAC, then 
m / BAC ® m / BAD + m / DAC. 



In was on this basis that we computed the measures of angles 
by subtraction, with a protractor placed with its edge on the 
ray a 1. (m/ DAC • m/ BAC - m/ BAD. ) 

Two angles form a linear pair if they look like this; 
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That la i 

Def Iftitlon, If and AC are opposite ra^s, and AD ia 
another ray, then / BaD and / DAC form a linear pair . 

Deflfiltlon . If the sum of the measures of two angles la 100, 
then the angles are called supplementary , and each la called a 
a upp l ament of the other. 

Hence the name of the following postulate. 


Poatulate l4 . (The Supplement Postulate.) 
If two angles form a linear pair, then they are 
supplementary. 
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Problem Set 4-3 



C B 


1. Uaing thf» figuro, finri (he value of each of the following; 

a. m / FAH. g, m / BAD. 

b. m /_EAB. h. m /_FAG + m /_0AH. 

c. 1, m /_GAP + m /_PAE. 

d. m/__FAE. .), m /_MAB - m /_PAB 

e. m / GAB . k, m ^HAB ~ m / DAB, 

f. m/_MAM. 1, m /_NAE - m /_NAH, 

2. With continued practice you ahould be able to estimate the 
size of angles fairly accurately without using a protractor, 
Do not use a protractor to decide which of the angles shown 
have measures within the indicated ranges. 
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Match the corresponding pairs; 


a. 


m. 15 < X < 35* 




n. 70 < X < 90. 


p. 80 < X < 100. 


q, 45 < X < 60. 


3. Using only a straightedge and not a protractor, sketch angles 
whose measures are approximately 30, I50, 45, 60, I35, 90, 
Then use your protractor to check your sketches. 

4. On the edge of a half-plane, take a segment AB about 3 inches 
long. At A draw ray A^ in the half-plane forming / BAO of 
58°, At B draw ray ^ in the same half-plane forming / ABD 
of 72°. Measure the remaining angle of the triangle formed. 

5. In the figure, 

a. m / BHP + m / GHF = m/ ? 

b. m / QFH + m / BFH = m/ ? 

B 

6. In the figure, 

a. m/ XZK + tn/ KZR + m/ YZR » m/ ? 

b. m/ XZR - m/ RZK = ^L. JL 

c. m^XZY - m^XZK = m/ J_ 

d. If Y, R, K and X are colllnear, 

then m/_YRZ + m/_ZRX = ? 
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7, In the figure,, ^ and SB 
Intersect forming four angles. 

Using the Indicated measure, 
find a, b and c. 

8, Determine the supplement of each of the following! 

110°, 90°, 36°, 15.5°, n°, (180 ~ n)°, (90 - n)°. 

9, If one of two supplementary angles has a measure 30 more 
than the measure of the other, what is the measure of each 
angle? 

10. If the measure of an angle Is twice the measure of its 
supplement, find the measure of the angle, 

11. The measure of an angle is four times the measure of its 
supplement. Find the measure of each angle. 

12. a. Given a ray AC lying on the edge of a half-plane H, and 

a number r between 0 and I80. In how many ways can you 
construct a ray aS in H such that m/ BAG - r? Why? 
b, Given a ray AC lying in a plane E, and a number r between 
0 and 180. In how many ways can you construct a ray aB 
in E such that m/ BAG = r? Why? 


4-4. Perpendicularity , Right Angles , and Congruence of Angles . 

Definitions . If , the two angles of a linear pair have the 
same measure, then each of the angles la a right angle . 
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Since r + r = l80j by the Supplement Postulate, we see that 
a rlRht angle la an angle of 90° . This can be regarded as an 
alternative definition of a right anglej it ia equivalent to our 
first definition. 

In terms of right angles it la eaay to define perpendicularity 
of any combination of line, ray or segment. In applying the 
following definition remember that a ray or a segment determines 
a unique line which contains it. 

Definition . Two intersecting sets, each of which is either 
a line, a ray or a segment, are perpendicular if the two lines 
which contain them determine a right angle, 

Definition , If the sum of the measures of tvjo angles is 
90, then the angles are called complementary , and each of them 
la called a complement of the other. (Compare this with the 
definition of supplementary angles , Just before the statement 
of the Supplement Postulate.) 

An angle with measure leas than 90 is called acute , and an 
angle with measure greater than 90 is called obtuse. 



Definition , Angles with the same measure are called 
congruent angles , 

That is, _^BAC and /_PQ,R are congruent If m/ BAG « m/ PQ.R. 
In this case we write 

^BAC « ^PQR. 

Notice that the equation m/ BAG = m/ PQR and the congruence 
/_BkC = /_PQR are completely equivalent; we can replace one by 
the other any time we want to. 
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clearly what the words mean; 

Theorem If two angles are complementary, then both 

of them are acute. 

Theorem 4-2 . Every angle Is congruent to itself. 

Theorem 4-3 . Any two right angles are congruent. 

Theorem 4-4 . If two angles are both congruent and supple- 
mentary, then each of them is a right angle. 

(Hint: Let r be the number which Is the measure of each of the 

two angles, and then find out what r must be.) 

Theorem 4-5 > Supplements of congruent angles are congmaent. 
Restatement: If (l) / B » / p, (2) / A and / B are 

supplemental^ and (3) / C and / D are supplementary, then 
(4) /_k « /_C. 



Proof: The statement that / B = / D means that m/ B and 
m/ D are the same number r, as in the figure. Since / A and 
/ B are supplementary, it follows that 

m/ A * 180 - m/ B => l8o - r. 

For the same reason, 

« 180 - n/J) - 180 - r. 

Therefore m/ A - m/ C, which means that / A » / C, 

You must not conclude from the above picture that supplement- 
ary angles must necessarily be placed beside one another in a way 
that makes it evident that their measures add up to 180. 
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The following picture also serves to Illustrate Theorem 4-5 



In drawing pictures to Illustrate theorems or problems you should 
realize that the figure In the book Is not the only correct one, 
and you should try to make your picture different from the one 
given In the book. 

Theorem 4-6 . Complements of congruent angles are congruent 

The proof of the theorem is exactly analogous to the pre- 
ceding proof, and you should write It out for yourself. 

When two lines Intersect, they form four angles, like this: 



/ 1 and /_3 are called vertical angles, and / 2 and / 4 are also 
called vertical angles. More precisely: 

Definition, Two angles are vertical angles if their sides 
form two pairs of opposite rays. 

It looks as If these pairs of vertical angles ought to be 
congruent, and In fact this is what always happens: 

Theorem 4-7 . Vertical angles are congruent. 



opposite rays, so that ^_1 and / 2 are vertical angles. Then 
/_1 and are supplementary, and / 2 and /_3 are supplementary 
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Since /_Z la congruent to itself, this means that / 1 and / 2 
have congruent supplements. By Theorem 4-5, /_l = / 2, which 
was to he proved. 

Theorem 4-8 . If two intersecting lines form one right 
angle, then they form four right angles, 



You should be able to supply the proof. 


Problem Set 4-4 


1 . 


2 . 


3. 


a. In a plane, how many perpendiculars can be drawn to a 
line at a given point on the line? 

b. In space, how many perpendiculars can be drawn to a line 
at a given point on the line? 

If ol and oS are opposite rays and 0^ is a ray such that 
m / RON - m / SON, what can you conclude about ^ and 


Explain, 

In half-plane H, 53 b and xl. are 

opposite rays, m / FtXB » 35 and 
m /_RXS =. go, 

a. Name a pair of perpendicular 
raya, if any occur in the 
figure , 

b. Name a pair of complementary 
angles, if any occur in the 
figure . 

c. Name a pair of vertical angles, 
if any occur in the figure. 

d . Name two pairs of supplementary 
angles in the figure. 
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4. 


5 . 


6 , 


7. 

8 . 


9. 

10 . 

11 . 


Determine the measure of a complementary angle for each of 


the 

following: 



a. 

10°. 

d. 

o 

X . 

b . 

CD 

O 

O 

e. 

(90 - x)°. 

c. 

44.5°. 

f . 

( l8o - x)°. 


a. If two angles with the same measure are supplementary, 
what is the measure of each? 

b. If two angles with the same measure are complementary, 
what la the measure of each? 

a. If two lines intersect, how many pairs of vertical angles 
are formed? 

b. If the measure of any one of the angles In (a) Is 70, 
what la the measure of each of the others? 

c. If all of the angles In (a) are congruent, what la the 
measure of each? 

If one of a pair of vertical angles has a measure of r, 
write the formulas for the measures of the other three 
anglea formed. 

In half-plane H, G?1 and ^ are opposite rays, 
m / AQB = m / BGC, and 
m /_CGD = m /_DGE . 

Find m /_BQD. 


Prove Theorem 4-1. A G E 

Prove Theorem 4-4 . 

Given: In the figure for Problem 8, M _L (|d and ^ and ^ 
are opposite rays. 

Prove: / AGB and / DOE are complementary. 
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12. Given: In plane E, lines 

ra, ^ intersect at 0, 

TM J_ AB. 

Prove: b + g + d ==» a. 


13. If 3 a and 6^ and ^ are three different rays in a plane, 
no two of them opposite, indicate true or false for each 
of the following statements and explain your answer. 

a. m / AOB + m / BOC = m / AOC. 

b, m / AOB + m / BOC + m / AOC = 360. 

14. The measure of an angle la nine times that of its supplement. 
What la the measure of the angle? 

15. A layout drawing is a plane drawing which can be folded to 
form the boundary of a given solid, Below la pictured a 
cube and a layout drawing for it. 


(Dotted lines indicate folds.) 
Use your imagination, your ruler and your protractor to 
make a layout drawing for each of the figures below. Then 
cut out your drawing, fold on dotted lines, and tape to- 
gether. Use cardboard or heavy paper for a rigid figure, 
a. A pyramid whose base is 
a square with 2" sides 
and whose other faces 
are isosceles triangles 
with 60° base angles. 
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(Problem 15 continued) 
b. A prism whose bases are 
pentagons with 1 Inch 
sides and 108° angles^ 
and whose height Is 
2 Inches, 



Review Problems 

1. What tool Is used to measure angles? 

2. To every angle there corresponds a real number between 

^and , called the measure of the angle, 

3. An angle with a measure of less than 90 la . « 

4. Two angles formed by the union of two opposite rays and a 

third ray all with the same end point are a 

of angles. 

5. If the sum of the measure of two angles Is 90^ then each Is 

called a of the other. 

6. An angle with a measure greater than 90 Is called . 

7. Angles with the same measure are , 

8. If two angles are both congruent and supplementary, then each 

of them Is a , 

9. Supplements of congruent angles are ■ 

10, If two angles are’ complementary, then each of them is 


11. An angle Is the of two which have a common 

end point. 

12. If X, Y, Z are three points, the union of the three 

segments connecting them In pairs la a . 

13. A point X Is In the Interior of / R3T If points R and 
lie on the same side of and If points X and 

lie on the same side of . 

14 . If the sum of the measures of two angles la they are 
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called complementary and If the gum la they are 

called . 

15, Two opposite angles formed by two interaectlng lines are 

angles. They are always congruent, 

16. aI and are opposite rays. The points E, F, and H are 
on the same side of "Sb, Points E and H are on opposite 
sides of lil*, Points A and H are on the game side of 


^§ 1 '. la JL IS and 

bIjLbIi. m/_PBE » 20 . 

Draw the 

figure and find: 



a. m / EBA. 

b. m /_PBH, c. 

m /_EBC. 

Given: 

Find: 


m /_BCD » 90, 

a . m / DOC , 


m /_BOC » 50, 

b. m /BOO. 


m ^DCO 0 25 , 

c . m / DOA . 


m m 45. 

d . m / AOB, 



D 



18. If one of two supplementary angles has a measure of 50 more 
than the measure of the other, what Is the measure of each 
angle? 

19. The measure of an angle Is five times that of Its complement. 
Find the measure of each angle. 

20 . Under what conditions are the angles of a linear pair 
congruent? 

21 . Is there a point In the plane of a triangle such that the 
point Is neither In the exterior nor the Interior of a 
triangle and neither in the Interior nor the exterior 

of any of Its angles? 

22 . Is the measure of an angle added to the measure of an angl*- 
the measure of an angle? Explain. 
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23. Could the interior of a triangle be considered as the 
intersection of three half planes? Illustrate, 

24. How mn;y triangles are in this figure? 

25. Does m / BAG * m / BAE? 

26. Does / BAC =a / BAE? 

27. la / ABE supplementary to / E BC? 

28. How many angles are indicated In the 
drawing? 

Problems 24 - 28. 

29. Explain carefully why the following statement is true: 
If a line m intersects 2 sides of a triangle ARST in 
points U and V, not the vertices of the triangle, then 
line m does not intersect the third side. 

m 

30. Given in the figure / x = / y. Prove; / z ® / b . 



31. If you were given that / a = / b and that / x la supplementary 
to /_a and that / y la supplementary to / b, what theorem or 
postulate would you use to prove that / x « / y? 

32. The Angle Measurement Postulate places what limitation on 
angle measures? 

33. la the following a correct restatement of the Angle 
Construction Postulate: Given a ray and a number k 
between 0 and 100 there is exactly one ray 3^ such that 
m /_PXY = k? Explain. 
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34., By giving its name, or by stating It In full, give the 

postulate which seems to you to be most appropriate in each 
of the following cases, as a reason for the statement. 



35. 


Is the following statement always true? 

If ^ and Intersect at 0, then / AOC ■ / BOD. 




Chapter 5 
CONGRUENCES 


5-1. The Idea of a Congruence . 

Roughly speaking, two geometric figures are congruent if 
they have exactly the same size and shape. For example, in the 
figure below, all three triangles are congruent. 



One way of describing the situation is to say that any one of 
these triangles can be moved onto any other one, in such a way 
that it fits exactly. Thus, to show what we mean by saying that 
two triangles are congruent, we have to explain what points are 
supposed to go where. For example, to moye A ABC ohto A DFE, 
we should put A on R, B on F, and C on D. We can 
write down the pairs of corresponding vertices like this: 

A E 
B — F 
C - — - D. 

To describe the congruence of the first triangle and the third, 
we should match up the vertices like this: 

A - — G 
B — 

C - — -I. 

How would you match up the vertices to describe the congruence 
of the second triangle with the third? 

A matchlng-up scheme of this kind is called a one -to- one 
correspondence between the vertices of the two triangles. If 
the matching-up scheme can be made to work -- that is, if the 
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triangles can te made to fit when the vertices are matched up in 
the prescribed way -- then the one-to-one correspondence is 
called a congruence between the two triangles. For example, the 
correspondences that we have Just given are congruences. On the 
other hand, if we write 

A - — ► F 
B — * D 
C — E, 

this does give us a one-to-one correspondence, but does not give 
us a congruence, because the first and second triangles cannot be 
made to coincide by this particular matchlng-up scheme. 

We can write down one-to-one correspondences more briefly, in 
one line. For example, the correspondence 

A — E 
B - — ► F 
C 

which Is the first example that we gave, can be written in one 
line like this: 

ABC • EFD. 


Here it should be understood that the first letter on the left 
corresponds to the first letter on the right, the second corres- 
ponds to the second, and the third to the third, like this: 


M ' 


Let us take one more example . 
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These two figures arp of the name size and shape. To show how one 
can be moved onto the oUter, wc should match up the vertices like 
this: 

A H 

B G 

C -- — — F 
D - — - E. 


These two figures are congruent j because the correspondence that 
we have written down is a congruence, that is, the figures can be 
made to fit if the vertices are matched in the given way. For 
short, we can write the congruence in one line, like this: 

ABCD HGFE. 

Notice that the order in which the matching pairs are written 
does not matter. We could have written our list of matching 
pairs this way: 

D E 

B G 

C P 

A H; 

and we could have described our one-to-one correspondence in one 
line, like this; 

DBCA EGFH. 

All that matters is which point is matched with which, 

It is quite possible for two figures to be congruent in more 
than one way. 
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Here the correspondence 

ABC - — - FDE 

is a congruence j and the correspondence 

ABC - — - FED 

is a different congruence between the same two figures, 

Obviously A ABC coincides with itself. If we agree to match 
every vertex with Itself, we get the congruence 

ABC ABC . 

This is called the identity congruence. There is another way of 
matching up the vertices of this triangle, however. We can use 
the correspondence 

ABC — — ACB. 

Under this correspondence, the figure is made to coincide with it- 
self, with the vertices B and C interchanged. This is not 
possible Tor all triangles by any means; it won't v/ork unless at 
least two sides of the triangle are of the same length. 


Problem Set 5-1 

In the problems of this section, there are no tricks in the 
way that the figures are drawn. That is, correspondences that 
look like congruences when the figures are measured with reason- 
able care really are supposed to be congruences. In this section 
we are not trying to prove things. We are merely trying to learn, 
informally, what the idea of a congruence is all about. 

1. Below there are six figures. Write down as many congruences 
as you can, between these figures. (Do not count the iden- 
tity congruence between a figure and itself but recall that 
there la a congruence between a triangle having two congruent 
sides and itself that is not the Identity.) You should get 6 
congruences in all. (One congruence is DEP— — SUT.) 
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For the triangle on tne preceding page, write down all 
congruencea between the trlangJe and itself, starting with 
the Identity congruence RBC — -ABO. (You should get more 
than four congruences.) 

6. Write down all of the congi’uonoou uetwecn a square and Itself 


D 


A 


C 


B 


9. a. If two figures are each congruent to a third, are they 
congruent to each other? 

b. Is a I'igurc congruent to Itself? 

c. Can a triangle be congruent to a square? 

d. Are the top and bottom faces of a cube congruent? 

G, Are two adjacent faces of a cube congruent? 

f. Are the top and bottom faces of a rectangular block, such 

as a brick, congruent? 

g. Are two adjacent faces of a brick congruent? 

LO, Pick out the pairs of congruent figures. 
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12. Suppose A, B, and C are three points of a line as shown with 
AB = BC. 



a. Describe a motion of the line that takes A to where B 
was. Does it necessarily take B to C? 

b. Describe a motion of the line that interchanges A and C. 
13. Under what conditions can the following pairs of figures be 

made to coincide by moving one in space without changing its 
size and shape? (it is understood that this moving is done 
abstractly In the mind. One figure can move through another 
so that a solid can be moved onto another solid of the same 
size and shape. For example, one segment can be moved to 
coincide with another if they have the same length. One 
sphere can be moved to coincide with another if their radii 
are the same length.) 

a. Two segments. 

b. Two angles. 

c . Two rays . 

d. Two circles. 

e. Two cubes. 

f. Two points. 

g. Two lines. 
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l4. Given a circle containing three points A> B, C as shown, with 
the arc from A to B the same length as the arc from B 
to C . 



a. Describe how the circle may be moved to take A to where 
B was and B to where C was , 

b. Describe how the circle may be moved to leave B fixed 
but to Interchange A and C. 

15 . Suppose that the following ornamental frieze extends Infin- 
itely in both directions, as a line does. 




a. Describe motions of two different types that induce con- 
gruences of the frieze with itself. How many such con- 
gruences are there altogether? 

b. Do the same for this frieze. 
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l6, Wliich of the following figures can be fitted onto each other? 
For each matched pair, tell whether you must turn the figure 
over In space as well as slide and rotate it In a plane to 
make it fit on the other so that all segments fit. 



Write down all of the congruences between the star and Itself. 
To save time and paper, let us agree that a congruence for 
this figure Is sufficiently described if we say where the 
points A, B, C, D, E of the star are supposed to go. For ex- 
ample, one of the congruences that we are looking for can be 
written as ABODE -• — ^BCDEA, 
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5-2. Congruences between Triangles . 

In the preceding section, we have explained the basic idea of 
what a congruence is. Let us now give some mathematical defini- 
tions so that vre can talk about congruence in a careful way, in 
terms of distance and angyilar measure, instead of having to talk 
loosely about things falling on each other, 

For angles and segments, it is easy to say exactly what we 

mean; 

Definitions . Angles are congruent if they have the same 
measure. Segments are congruent if they have the same length. 

The first definition above is merely a repetition from Section 
4-3. 

Analogous to Theorem 4-2 for angles we have a theorem for 
segments : 

Theorem 5-1 ■ Every segment is congruent to itself, 

We sometimes refer to these two theorems by the term identity 
congruence . 

Just as we indicate that L A and L B are congruent, by 
writing ZA « ZB, so we may write 

ra = ^ 

to indicate that the segments XB and are congruent. In the 

table below, the equation on the left and the congruence on the 
right in each line may be used interchangeably: 

1, m ZA = m ZB. 1. ZA = ZB. 

2. AB = CD. 2. AB = 

Each of the equations on the left is an equation between numbers . 
The first says that m L. A and m Z B are exactly the same 
number. The second says that the distance AB and the distance 
CD are exactly the same number. 

Each of the congruences on the right is a congruence between 
geometric figures . We do not write = between two geometric fig- 
ures unless we mean that the figures are exactly the same, and 
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occasions when we mean this are rare. One example Is this: 



Here It Is correct to write 

ZBAC = ZEAD, 

because ABAC and AEAD are not merely congruentj they are ex- 
actly the same angle . Similarly, AB and ES” are always exactly 
the same segment, and so It is correct to write "FB = ’BTC. 

Consider now a correspondence 

ABC— ►DEF 

between the vertices of two triangles AABC and ADEF. 



This automatically gives us a correspondence between the aides of 
the triangles, like this; 

AB — BE 
AC — * DF 
BC — EP 

and It gives us a correspondence between the angles of the two 
triangles, like this: 

AA — AD 
AB — AE 
AC — AP. 


[sec. 5-2] 



Ill 


We can now state the definition of a congruence between two 
triangles , 

Definition . Given a correspondence 

ABC DEP 

tetween the vertices of two triangles. If every pair of corres- 
ponding sides are congruent, and every pair of corresponding 
angles are congruent, then the correspondence ABC-' — '-DEP is a 
congruence between the two triangles . 

You should read this definition at least twice, very care- 
fully, to make sure that it says what a definition of the idea of 
a congruence between triangles ought to say. 

There is a shorthand for writing congruences between triangles. 
When we write 

ZA = ZD, 

this means that the two angles ZA and ZD are congruent, (That 
Is, m Z A = m Z D.) Similarly, when we write 

AABC = ADEF, 

this means that the correspondence 

ABC DEP 


is a congruence. Notice that this is a very efficient shorthand: 
the single expression AABC = ADEF tells us six things at once; 
namely, 

AB = DE IB = I5E 
AC = DF AC = DP 
BC = EF bS' = Bp 


mZA = mZD ZA = ZD 

mZ B = mZE ZB = ZE 

mZC = mZF, ZC = ZF. 

In each of these six lines, the equations on the left and the con- 

gruences on the right mean the same thing, and we can choose 
either notation at any time, according to convenience. Usually 
we will write AB = DE, instead of AB = DE, simply because it is 
easier to write. For the same reason, we will usually write 
ZA = ZD instead of mZA = mZD. 
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It Is sometimes convenient to indicate a congruence graph- 
ically hy making marks on the corresponding sides and angles, 
like this: 


B 



E 



AABC = A DBF 

VJe can also use this method to indicate that certain corresponding 
parts of tv/o figures are conginient, whether or not we know about 
other parts. 



The marks in the figure indicate that (l) AB = DE, (2) AC = DF 
and (3) mAA = mZD. 

Question: Would it be correct to write AB = DE, or 
ZA = ZD? Why or wny not? 

It seems pretty clear, in the above figure, that the congru- 
ences we have indicated are enough to guarantee that the corres- 
pondence ABC- — ►DEF is a congruence. That is, if these three 
pairs of corresponding parts are congruent, the triangles must 
also be congruent. In fact, this is the content of the basic con- 
gruence postulate, to be stated in the next section. 
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Problem Set 5-g 



A ABP = A i-IRQ. Complete the following list by telling what 
should go in the blanks, AB — M — Q 

ZA = ZK. IF = . Ill I i ,, 

AB 2* . IB = . J 

AF " . FB = 


R 



AABK k AB'BR, List the six pairs of corresponding, con- 
gruent parts of these two triangles, 

3. AMHK List the six pairs of corresponding, con- 

gruent parts of these triangles. (It is not necessary to have 
a picture but you may make a sketch if you wish.) 

AROF' y AAEOC. List the six pairs of corresponding congruent 
parts of these triangles. Do not use a figure. 
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5 . 

6 . 


7 . 

8 . 


AAZW = ABZW. List the six pairs of corresponding, con- 
gruent parts of these triangles. 

Here Is a list of the six pairs of corresponding parts of two 
congruent triangles. Give the names of the two triangles that 
would fit in the hlanks below. 

AB S M. ZA = k M. 

Ivr = W. ZB - Z K. 

TO = MF. Z W = Z F. 


A ~ A • 

If AABC = AXYZ and ADEF = AXYZ, what can be said about 
the relationship of AABC to ADEF? State a theorem gener- 
alizing this situation. 



a. Using ruler and protractor, draw a triangle ABC in which 
AB is 3 inches long, BC is 2 inches long and angle 
B is 50°, Compare your triangle with those of other mem- 
bers of the class. 

b. Draw AABC in which AC la 3 inches long, EC la 
inches long and angle G is 70°. Compare triangles. 

c. Draw AABC with AB 3 inches long and BC 2 inches 
long. Make ZB any size that suits your fancy. Compare 
triangles . 

d. If these three exercises suggest to you an idea concerning 
a congruence between two triangles, try to state or write 
this idea for triangles in general. 


[sec. 5-2] 



115 


5 . a. Given that A ABC and ADEP do not intersect, and that 

X is a point between B and C. Tell which of the sym- 
bols = , = may be filled in the blanks to make the state- 
ments meaningful and possibly true. 


1 . 

A ABC 

ADEF. 

p. 

m Z A _ 

m Z D. 

3. 

IE 

M. 

4. 

BC 

EP. 

5. 

ZB 

ZC. 

6. 

Z ABX _ 

ZABC. 

7. 

m Z ABX m Z EDF 


b. Which of the blanks could have been filled with either = 
or -- ? 

c. If 'SB had been the same segment as DE but if C were 
a different point than F, which blank could have been 
filled by - that should otherwise have been filled by = ? 


• The Basic Congruence Postulate . 

To get at the facts on congruences of triangles, we need one 
new postulate. In the name of this postulate, S,A,S, stands for 
Side Angle Side. 

Postulate 15 . (The S.A.S. Postulate,) Given a 
correspondence between two triangles (or between a 
triangle and itself). If two sides and the included 
angle of the first triangle are congruent to the 
corresponding parts of the second triangle, then the 
correspondence is a congruence. 

To Illustrate this, we repeat the previous figure. 
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The postulate means that if 

AB = W, 

JC = W 

and 

ZA = ZD, 

as indicated in the figure, then 

AABC = ADEFj 

that is, the correspondence ABC-«— ^DEF is a congruence. 

It is very Important to notice that in the S.A.S, Postulate, 
the given angle is the angle Included between the two given sides, 
like this: 



Under these conditions, the S.A.S. Postulate says that the corres- 
pondence ABC — DEF is a congruence. If we knew merely that some 
one angle and some two sides of the first triangle were congruent 
to the corresponding parts of the second triangle, then it would 
necessarily follow that the correspondence was a congruence. 
For example, consider this figure: 



Here AB = DE, ZA = ZD, BC = EF. Note that ZA and ZD are 
not included by the pairs of congruent sides. This correspondence 
is certainly not a congruence, because it matches AC with 
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ZB with ZE, and ZC with ZF. Since these are not congruences, 
the definition of congruence between triangles is not satisfied. 

5-4. Writing Your Ovm Proofs . 

You now, have enough basic material to be able to wite real 
geometric proofs of your ovm. Prom now on, writing your own 
proofs will be a very important part of your work, and the chances 
are that it will be more fun than reading other people's proofs. 

Let us take a couple of examples, to suggest how we go about 
finding proofs and writing them up. 

Example 1^. If two segments bisect each other, the segments Join- 
ing the ends of the given segments are congruent, 

Given; AR and BH bisect each other at F. 

To prove : ^ = 


B 

Starting to work on a problem like this, we should first draw 
a figure and letter it, using a capital letter for each vertex. 
Then, state the hypothesis and conclusion in terms of the letter- 
ing of the figure. 

Next, we divide the page into two columns as shown, and write 
in the headings Statements and Reasons . 

All this, of course, isn't going to do us a bit of good un- 
less we can think of a proof to write dovm. 

Since our object is to prove two segments congruent, we must 
recall what we know about congruent segments. Looking back we can 
find the definition of congruent segments, of congruent triangles, 
and the S.A.S, Postulate. These are the available weapons about 
congruent segments in our arsenal, and at this point the search is 
short, because our arsenal is small. 
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To apply the postulate, we have to set up a correspondence 
between two triangles, in such a way that two sides and the in- 
cluded angle of the first triangle are congruent to the corres- 
ponding parts of the second triangle. Prom the figure, this 
correspondence looks as if it ought to be 

APB'^RFH. 

Two pairs of sides are congruent, because we have from the given 
data and the definition of bisect that 

AP = RP and BP = HP. 

How about the included angles, .^APB and ZRPH? We need to know 
that they are congruent, too. And they are, because they are verti- 
cal angles. Therefore, by the S.A.S. Postulate, our correspondence 
is a congruence. The sides AB and RH are corresponding sides, 
and so they are congruent. This is what we wanted to prove. 

Written down in the double -column form, our proof would look 
like this: 

Given; IR and "SH bisect each other 


at F. 


— 

To prove; AB = W. 



Statements 

Reasons 



1. 

II 


t 1. 

Definition of bisect. 

2. 

BP = HP. 


2. 

Definition of bisect. 

3. 

ZAPB = 

ZRPH. 

3. 

Vertical angles are 
congruent . 

4. 

A APB = 

ARPH. 

4. 

The S.A.S. Postulate. 

5. 



5. 

Definition of a congruence 
between triangles. 


This is given merely as a sample of how your work might look. 
There is a limit to how "standard" we can expect the foi*m of a 
proof to be. For example, in this proof we have indicated con- 
gruences between segments by writing AP = RP and BP = HP, and 

so on. We could Just as well have written W = RP, BP = HP, and 
so on, because in each case the congruence between the segments 
and the equation between the distances mean the same thing. 
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There are only two really Important things in writing proofs. 
First, what you write should say what you really mean. Second, 
the things that you really mean should form a complete logical 
explanation of why the theorem Is true. 

By now, you should have the idea, and so we give our second 
example in an Incomplete form. Your problem is to fill in the 


blank spaces In such a way as to get a proof. 
Example 2 . 

Given: M = M. 

HB bisects ZAHF. . 

To prove: ZA = ZP. / 


Statements 

Reasons 

1. IR - 

1. Given, 

2. 

2. Definition of the bisector 


of an angle . 

3. HB = TIB. 

3. Every segment Is congruent 


to itself. 

4. 

4. 

5. ZA = ZF. 

5. 


A mistake often made. In proofs Is that the student assumes as 
true the very thing he Is trying to prove to be true. Another 
common mistake Is to use as a reason In his proof a theorem which 
Is actually a consequence of the fact that he Is trying to prove. 
Such arguments are called circular arguments, and are worthless 
as logical proofs. 

A particularly bad kind of circular argument Is the use of 
the theorem we are trying to prove as a reason for one of the 
steps in Its "proof". 
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Problem Set 5-^ 

( Note ; In some of the follo'Wlng problems we make use of a square. 
A square ABCD is a plane figure that is the union of four con- 
gruent segments TB, BC, DA such that klABC, ZSCD, k!CDA, 

Z DAB are right angles. The square will be discussed in a later 
chapter of the text . ) 

1. In each pair of triangles, if like markings Indicate congruent 
parts, which triangles could be proved congruent by S,A.S.? 
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2. 



In the figure It is given 
that AE intersects BD at 
C, that AC = DC and BC = EC . 

Show (l.e.j prove) that 
ZB = ZE. Copy the follow- 
ing proof and supply the missing reasons . 



Statements 


Reasons 


1, 

AC = CD. 

1. 

Given . 

2. 

BC = EC. 

2. 

. 

3. 

ZACB = ZDCE. 

3. 

angles are 




congruent . 

4. 

AACB = ADCE. 

4. 

[Note that 




Statement 3 refers to angles 
and Statement 4 to triangles, 
so that your reason here 
should refer to triangles]. 

5. 

ZB = ZE. 

5. 

Corresponding parts of con- 
gruent triangles are 


3, Suppose in this figure 
M = HB, Zx = Zy and 
B is the midpoint of AF. 

Show that ZR = ZH, 

Copy and complete the following proof. 



Statements 

Reasons 

1. = 1®. 

1. 

2. Zx S Zy. 

2, Given. 

3 . 

3 . Prom the definition of mid- 


point . 

4. 

4. S.A.S. 

5. . ’i 

5. 
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4 . a. If ABCD Is a square and 
R is the midpoint of SB, 
prove that RC = RD. (See 
note preceding Problem 1.) 

b. What pairs of congruent 
acute angles appear in the 
figure? Prove your answer. 

5. In this figure AB = PH and 
m Z X = m Z g. 

Show that m Z A = m Z F . 

6. In this figure it is given 
that m L ABH - m Z PBH, 

AB = FB. Prove AH = FH. 

7. Prove that if segments TJH, TTB 
then A FAB S AFHR. 

8. Prove; If the line segments 

aB and Bff bisect each other, 
then AB = DC and AC = DB. 



9 . 


a. Given: Square ABCD, R is 
the midpoint of Tffi, P is a 
point between A and D, Q 
is a point between C and B, 

DF = CQ. To prove: RF = RQ,. 

b. Are there two other points 
P' , 0,' of square ABCD not on 

a 5 or IC such that RF'* = RQ* ? 
Where are they? 
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5-5- Qverlapplnp; Triangles . Using the Figure In Statements . 

Frequently In geometric figures, the triangles that v/e need 
to work with are not entirely separate but overlap, like AAFM 
and AFAH In the figure below. 


R 



The easiest way to avoid getting mixed up, and making mistakes, In 
dealing with such cases, la to write down congruences In a stand- 
ard form, like this, 

AAFM = AFAH. 

Check that the correspondence AFM-«— ►PAH really is a congruence, 
Eind then later refer back to AAFM = AFAH when we want to con- 
clude that two corresponding sides (or corresponding angles) are 
congruent , 

Of course, If you don't see the congruences between the over- 
lapping triangles, you will have nothing to check and nothing to 
apply later. To practice up, write all the congruences that you 
can between triangles contained in the figure above, If It Is 
given that AR = PR and M, H, B are the midpoints of the res- 
pective Bides. 

Let us now look at a case In which this sort of thing comes 
up In the proof of a theorem. 

Given! HA = HP. 

HM = HQ,. 

To prove: PM = AQ,. 


A 
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A very common way to prove that two segments are congruent is 
to show that the segments are corresponding sides of congruent 
triangles. If this way can be used successfully here, then the 
first thing to do Is locate the triangles vrtilch contain M and 
AQ. These are AHMF and AHQA, and these triangles overlap 
quite a bit. Now the problem bebomes one of proving the triangles 
congruent , The proof In the double-column form goes like this : 



Statements 


Reasons 

1. 

HA = HF. 

1. 

Given. 

2. 

ZH = ZH. 

2. 

An angle is congruent to 
itself , 

3. 

HM = HQ. 

3. 

Why? 

4. 

AHMF = AHQA. 

4. 

Why? 

5. 

FM = AQ. 

5. 

Why? 


A strictly logical proof must not depend on a figure but must 
follow from the postulates, the definitions, and the previously 
proved theorems. But geometers in practice use figures as a matter 
of convenience, and readily accept many observable facts without 
a tedious restatement in words, unless such a restatement is essen- 
tial to clarifying the problem at hand. 

To illustrate, let us look at a restatement of Example 1_ used 
previously. 

Example Let A, B, P, H and R be five non-collinear 
points lying in a plane. If (l) F is between A and R, (2) F 
is between B and H, (3) AF = FR, and (4) BF = PH, then (5) 

AB = RH. 

This conveys all the information conveyed by the figure on the 
left and the notation on the right below. 

Given; M and M bisect each 
other at P. 

To prove: TfB = 



fsec. 
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Notice that (l) tells us that FA and PR are opposite rays, and 
(2) tells us that PB and PH are opposite rays. These two 
things, taken together, mean that ZAPB and ZRFH are vertical 
angles, (See definition of vertical angles.) This Is the sort of 
Information that we normally read froft a figure. 

In stating problems In this text we will frequently avoid 
tedious repetition by referring to a figure. You can use the fig- 
ure to give the colllnearlty of points, the order of points on a 
line the location of a point In the Interior or exterior of an 
angle or In a certain half -plane, and. In general, the relative 
position of points, lines, and planes. Things you cannot assume 
because "they look that way" to you are the congruence of segments 
or angles, that a certain point Is a midpoint of a segment, that 
two lines are perpendicular, nor that two angles are complementary. 


Problem Set 5-5 


If In this figure 
AC = DB, 

ZACP = ZDBE and 
PC = EB, 

prove that AF = DE. 

In this figure BC = ED 

AC = AD and 
ZACE = ZADB. 
Prove AACE ^AADB. 

Proof; (Fill In the blanks.) 
Statements 


1. BC = ED. 

1. Given. 

2. CD = DC. 

2. 

3. BD = EC. 

3. Addition, from 


1 and 2 . 

4. AC ^ AD. 

4. 

5. ZACE = ZADB. 

5. 

6. 

6. 
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3. Prove that the diagonals of a 
square are of equal length. 

(See note preceding Problem 1 
of Problem Set 5'^-) 

Given: ABPH Is a square. 

To prove: AP = HH. 

4. In this figure ZABW = /HHQ 
and F la the midpoint of BH. 

Can you prove AWBP = AQHF? 
Explain. 

5. a. If ABFH is a square and 15?, 

"S? are congruent segments on 
the rays AH, BP respectively, 
show that 17, HX are congruent. 
Restatement : 

Given: ABPH is a square. 

X, Y are points of BP, 

respectively. 

aX = BY. 

To prove; 17 = '®f. 



b. In the figure, X is between A and H, and Y is between 


B and F. Would the proof be affected if H were between 


A and X, and F were between B and Y? 


6. Suppose it is given in this 
figure that AH = BP, r = m 
and X = y. Prove that HB = PA. 




[sec. 5-5] 




127 


5-6. The Isoscelea Triangle Theorem . The Angle Blaector Theorem . 

At the end of Section 5-1 we mentioned the caae of matching 
up the vertices of a triangle A ABC In which at leaat two sides 
of the triangle are of the same length. This, In fact, Is the 
case that we deal with In our first formally stated congruence 
theorem: 

Theorem 5-2 . If two aides of a triangle are congruent, then 
the angles opposite these sides are congruent. 

Restatement: Given a triangle AABC. If AB = AC, then 

ZB = ZC . 



Proof; Consider the correspondence 

ABC-^ACB, 

between AABC and itself. Under this correspondence, we see that 

'SC — SB, 

ZA — — ZA. 

Thus two sides and the included angle of A ABC are congruent to 
the parts that correspond to them. By the S.A.S, Postulate, this 
means that 

AABC = AACB, 

that Is, the correspondence ABC-^-^ACB Is a congruence. By the 
definition of a congruence between triangles all pairs of corres- 
ponding parts are congruent. Therefore 

ZB = ZC, 

because these angles are corresponding parts. 

We now show how the above proof looks in two -column form. 

The« same figure Is used. 
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Theorem 5-2 . If tvfo sides of a triangle are congruent^ then 
the angles opposite these sides are congruent. 

Given; t^k'SC with AB = AC. 

To prove : ZB = ZC . 

Proof: 



Statements 


Reasons 

1 . 

IB = 

AC = AB. 

1. 

Given 

2. 

ZA = ZA. 

2. 

Identity congruence . 

3, 

A ABC = AACB. 

3. 

Steps 1 and 2 and the S.A.S, 
Postulate . 

if, 

ZB = ZC. 

n. 

Definition of a congruence 
between triangles. 


Usually, we will state theorems In words, as we have stated 
Theorem 5-2, and then restate them, using notation which will be 
the notation of the proof. 


Definitions . A triangle with two congruent sides is called 
isosceles . The remaining side is the base . The two angles that 
include the base are base angles . 

In these terms, we can state Theorem 5-2 In this fonri; 

"The base angles of an isosceles triangle are congruent." 

Definitions . A triangle whose three sides are congrxient is 
called equilateral . A triangle no two of whose sides are congru- 
ent is called scalene . 

Definition . A triangle is equiangular If all three of Its 
angles are congruent. 

Using the term equiangular we state a theorem which readily 
follows from Theorem 5-2. We denote this theorem as Corollary 
5-2-1. A corollary Is a theorem which Is an easy consequence of 
another theorem. The proof of Corollary 5-2-1 Is left for you to 
do. 

Corollary 5-2-1 . Every equilateral triangle is equiangular, 

In proving theorems for yourself, you will need to make your 
own figures. It la important to draw figures In such a way that 
they remind you of what you know, without suggesting more than you 
know. For example, the figure given in the proof of Theorem 5-2 
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looks like an Isosceles triangle, and this Is as It should "be, 
because the hypothesis of the theorem says that the triangle has 
two congruent sides. In the figure for the S,A,S. Postulate, It 
looks as if A ABC = ADEF, and this is as it should be, because 
this is the situation dealt with in the postulate. But it would 
not have been good to draw isosceles triangles to illustrate the 
S.A.S. Postulate, because this would suggest things that the pos- 
tulate doesn't say. 

Definition . A ray AD bisects , or is a bisector of, an 
angle ZBAC If D Is in the interior of ZBAC, and ZBAD = ZDAC. 



Note that if AD bisects ZBAC, then m ZBAD = m ZDAC 
= i m ZBAC . 

Theorem 5-3 . Every angle has exactly one bisector. 

Proof; Given ZA. By the Point Plotting Theorem we can find 
B and C, points on the sides of ZA, such that (l) AB = AC. 



Let D be the mid-point of BC, so that (2) DB = DC. Since 
AB = AC, it follows by Theorem 5-2 that (3) ZB = ZC. (This 
follows even though the isosceles triangle A ABC Is "lying on its 
side.") From (l), (2) and (3), and the S.A.S. Postulate it 
follows that AABD = AACD. 
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Therefore, ZBAD = ZCAD, and so m Z BAD = m ZCAD, By the defi- 
nition of bisector of an angle, this means that a 5 bisects ZBAC. 

To Justify our use of the word "exactly" we must prove that 
A^ is the only ray having this property. Suppose there is a ray 
A^ also a bisector of ZA. Then m ZCAD = mZCAE, since each of 
these equals m ZBAC. Applying the Angle Construction Postu- 
late to the half-plane with AC as edge shows that we must have 
^ = A?, that is, ^ and ^ stand for the same ray. Hence, 
there is exactly one bisector. 

The following definitions are useful in discussing properties 
of triangles. 

Definition . A median of a triangle is a segment whose end- 
points are one vertex of the triangle and the mid-point of the 
opposite side. 

Definition . An angle bisector of a triangle is a segment 
whose end-points are one vertex of the triangle and a point of the 
opposite side which lies in the ray bisecting the angle at the 
given vertex. 

Note that every triangle has three medians and three angle 
bisectors. The figure shows one median and one angle bisector of 
6ABC, M is 


the median from B, and is the angle bisector from B. 

Problem Set 5-6 

1. In the figure AB = AC. We 
start the proof that 
, Zm = Zn. Complete this 
proof supplying reasons. 
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Proof: Statements Reasons 


1. 

ZABC = ZACB. 

1. 

2. 

Zm Is supplementary to 
ZABC . 

2., 


Z n la supplementary to 

Z ACB. 


3. 

Z m = Zn . 

3. 


2 . 


3. 


4 . 


5. 


Given: In the figure PA = PD 

and AB = DC . 

Prove: A APB = ADFC, 

AFBC = A FOB. 


If In the figure IB S 
prove that ZEBA = ZBCD. 


If AB = AC and DB = DC in 
the plane figure, show that 
ZABD = ZACD. 




If AC = AB and CD = BD In 
the plane figure, show 
ZACD = ZABD. 
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6 . 


7. 

8 . 


9. 


Give a paragraph proof rather 
than a two-column proof of the 
following; 

Given: X and Y are the mid- 
points of the congruent sides 
AC and BC of the isosceles 
triangle ABC. 

To prove: ZCXY = ZCYX. 

Prove Corollary 5-2-1. (Every e 
equiangular. ) 

Given equilateral triangle 
ABC with Q, R and P, the mid- 
points of the sides as snown. 
Prove that APQR is equilateral 


C 



quilateral triangle is 
A 



Prove the following: If median of APAB is perpendicular 

to side AB, then APAB is isosceles. 


5-7 . The Angle Side Angle Theorem . 

Theorem 5-^ . (The A.S.A. Theorem.) Given a correspondence 
between two triangles, (or between a triangle and Itself). If tv;o 
angles and the included side of the first triangle are congruent 
to the corresponding parts of the second triangle, then the corres- 
pondence is a congruence. 

Restatement : Let ABC"*— "DEP be a correspondence between two 

triangles. If ZA = ZD, 


AB = DE 


ZB ^ 

then A ABC = 

C 



ZE, 

ADEF. 

/ 

F/ 



- 7 ] 
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Proof- StatementB Reasons 


— ) 


1. 

On the ray DF there is a 

1, 

The Point Plotting Theorem 


point F' 

sucn that DF' = AC. 



2. 

AB = DE 

and m Z A = mZ D, 

2. 

Given . 

3 . 

AABC = 

ADEF' . 

3, 

The S.A.S, Postulate. 

4. 

ZABC = 

Z DEF ' . 

k. 

Definition of a congruence 
between triangles. 

5. 

ZABC = 

ZDEF. 

5. 

Given . 

6. 

ZDEF' = 

: ^ DEF . 

6. 

Steps ^ and 5, and the 
definition of congruent 
angles . 



— ) 



7. 

EF and 

EP' are the same 

7- 

Step 6 and Postulate 12, 

8. 

II 

ray. 

8. 

Two lines (EP and DF) in- 





tersect in at most one 
point , 

9. 

AABC = 

ADEF. 

9. 

Statements 3 and 8. 


The proofs of the following theorem and corollary are left 
to the student. The proofs are analogous to those of Theorem 5-2 
and Corollary 5-2-1, 

Theorem 5-5 . If two angles of a triangle are congruent, the 
sides opposite these angles are congruent. 

Corollary 5-5-1 . An equiangular triangle la equilateral. 


Problem Set 5-7 

1. In some parts of this exercise there is not enough information 
to enable you to prove the two triangles are congmient even if you 
use all other facta that you know, for example, that "vertical 
angles are congruent". If it can be proved that the two triangles 
are congruent, name the statement (A.S.A. or S.A.S.) supporting 
your concluslonj if there is not enough Information given to prove 
the triangles are congruent, name another pair of congruent parts 
that would enable you to prove them congruent. If there are two 
possibilities, name both. 


[sec. 5-7] 


134 


a. 

b. 

c . 


d. 

e . 


f . 


e- 


Given only that 

Given only that 

Given only that 
and lie = i^d. 


Given only that 
Given only that 


Given only that 
Given only that 



2 . 


3 . 


In accordance with the apecifications at the left, list the 
data which would correctly fill the blanks, 


a. 

Side, angle, 

M, , m. 

aide of 

iikABHi 

b. 

Angle, side, 

, HS, 

angle of 

AABH: 

c. 

Angle, side. 

angle of 




L HBF. 


d. 

Side, angle, 

Bide of 

ABFH; 



■BFj . . 

Follow the directions of Problem 2. 


a. 

Angle, aide, angle of 

, w, . 

AABF: 

b. 

Side, angle, side of 

, - 

ARAB; 

c . 

Side, angle, aide of 

, . 

ARAB; 

d. 

Side, angle, side of 

br, , m. 

ARAB; 

e. 

Angle, Bide, angle of 
/LR, , L RFA. 

ARAF: 

f , 

Angle, side, angle of 
kiFAB, aR, . 

A APB; 
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4. 


5. 


6 . 


7. 


Follow the directions of Problem 2. 


a , 

Side, angle, 
, ZHBF, 

side of 

AHFB: 

b. 

Angle, side, 
, HB, , 

angle of 

AABH: 

c . 

Side, angle, 
Tfl, , W. 

side of 

AHFB; 

d. 

Angle, side, 

, bf. 

angle of 

AHFB: 



e. Side, angle, side of AABH: 
M, , AB. 

If CB bisects OT and Za = Z 
In the figure, prove that gF 
bisects CB. 

Prove Theorem 5-5. (If two angles 
the sides opposite these angles 
are congruent i ) 

Restatement: If In A ABC, 

ZB = /C, then AB = AC . 

Hint: Use congruency of the 

triangle with Itself. 



of a triangle are congruent 



Prove Corollary 5-5-1- (Every equiangular triangle Is equi- 
lateral.) Use a paragraph proof. 




8 . 

9. 

10 . 


If AABC is equilateral, prove AABC = ACAB. 


If the bisector of ZG In A FGH Is perpendicular to the 
opposite side at K, then triangle ,PGH Is Isosceles. 


Given : 


Prove -. 


The figure with 
Zx = Zy and 
HB = HM. 

HF = HR. 




136 


11. In the figure, bisects 

ZHMS and ZRWK ^ ZSWK. 

Can it be proved that 
ZR = ZS'’ If so, do 30. 

12. Prove that AN = W if AF = RB, 

ZA = and Zx = Zy In 

the figure , 

A 

*13. a. If, In the figure, X Is 
the midpoint of a5, 

ZA = , ZB and ZAXR = ZBXP, 
show that AF = 

b. Do you need as a part of the 
hypothesis that the figure 
lies in a plane*? 

1^1. Given; Za = Zb and 
Zw = Zs in the figure . 

Prove: OT = KH, 


15. Can the following be proved 
on the basis of the informa- 
tion given? 

Given: ZAOB with OA = OB 

and P, Q, points on rays 
OA, 0^ with AQ. = BP. 

Prove: OP = OQ. 

16. Prove that RX = RY if it is 
given that in the figure; BQ 
Tti ZB = m ZT and m Zq = ni 


S 
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5 - 8 . The .Side Side Side Theorem . 

Theorem 5-6 . (The S.S.S. Theorem.) Given a correspondence 
between two triangles (or between a triangle and itself). If all 
three pairs of corresponding sides are congruent, then the corres- 
pondence Is a congruence. 

Restatement: Let ABC<— *DEP be a correspondence between two 

triangles. If AB = DE, 

AC = DF, 

BC = EF, 


B then AABC = ADEP, 



Proof: 


Statements 


Reasons 


There is a ray AG such that 1. The Angle Construction 

Z GAG - Z FDE, and such that Postulate. 

B and G are on opposite sides 
of AC. 

There Is a point E' on AG 2. The Point Plotting Theorem, 

such that AE* = DE. 


AAE'C = ADEF. 


The S.A.S. Postulate. 


I 

What we have done, so far, is to duplicate ADEF on the 
under side of AABC, using the S.A.S. Postulate. 


A . AB = AE ' . 

5. BC = E'C. 

6. The segment IE' intersects 
the line "AC in a point H. 


4. AB = DE by hypothesis; 
and DE = AE', from State- 
ment 2 . 

5. BC = EF, by hypothesis; 
and EF = E'C from State- 
ment 3 . 

6 . By Statement 1, B and E' 
are on opp^ite sides of 
the line 
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We shall now complete the proof for the case in which H Is 
"between A and C, as in the figure. The other possible cases 
will te discussed later. 


7 . 

ZABH 

= ZAE'H. 

7 . 

Statement 4 and Theorem 5-2. 

8. 

ZCBH 

“ ZCE'H. 

8. 

Statement 5 and Theorem 5-2. 

9 . 

m ZABH 

+ m Z CBH = m Z ABC . 

9 - 

The Angle Addition Postulate. 

10. 

mZAElH + mZCE'H = m ZAE'C. 

10. 

The Angle Addition Postulate. 

11. 

ZABC - 

ZAE'C. 

11. 

Statements 7, 8, 9 and 10. 

12. 

ZABC = 

ZDEF. 

12. 

Statements 3 and 11. 

13. 

AABC = 

ADEF. 

13. 

Statement 12, the hypothesis, 
and the S.A.S. Postulate. 


This completes the proof for the case In which H is between 
A and C. We recall that H is the point in which the line BE' 
intersects the line AC. If H = k, then A and E' are col- 



celes triangle are congruent. Therefore ZB = ZE, because 
ZE = ZE'. The S.A,S. Postulate applies, as before, to show 
that AABC = ADEF. 
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and we show that ZABC — ZE by subtracting the measures of 
angles. Instead of by adding them. That Is, 

m ZABC = mZHBG - mZHBA 
and mZAE'C = mZHE'C - mZHE'A, 
so that ZABC = ZAE'C = ZDEF, 
as before. The rest of the proof Is exactly the same as In the 
first case . 

The two remaining cases, H = C and C between A and H, 
are similar to the two above. 


1 . 


2 . 


Problem Set 5-8 


Given; A ABF and AAHF with 
AH = a 1 and W = W. 
Prove: ZHAF = ZBAF. 


In the figure, TfB = M and 
AH = FB. Show that Zr = Zs 


H 



B 



3 . 


In the figure, M and 

SH = Prove that ZH = 



[see. 5-8] 
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4, Consider the pairs of triangles pictured below. If on tne 

basis of our Infomiatlon to date they can be proved congruent^ 
tell which congruency statement you would use. 



R a H W a Q 

h. Consider: 1. ^RMW and /^QMH. 



B 
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5. A supplier wishes to telegraph, a manufacturer for sortie parts 
in the form of triangular metal sheets. In addition to the 
thickness, kind of metal, and number of pieces wanted, what 
is tne least he can say in order to specify the size and 
shape of the triangles? (Consider the possibility of more 
than one choice.) 

6. Prove the following theorem: 

If the bisector of the angle 
opposite the "base in an isos- 
celes triangle Intersects the 
base, it is perpendicular to 
the base . 

Restatement: ^ H 

Given: A ABC with AC = BC and 
H a point on AD such that 
AACH = ZBCH. 

To prove: ^ | I VB. 

7. Prove the theorem that the 
median from the vertex of an 
Isosceles triangle is the bi- 
sector of the vertex angle. 




8 . 


Prove the theorem: The bisector of the vertex angle of an 
Isosceles triangle is the perpendicular bisector of the base. 
Restatement : 


Given: A ABF with AF = BF and 

H a point on JS such that FH 
bisects <iAFB. 

To pro ve : TOT = SH and 
FH I aB. 
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9. a. Given; In the figure, 

AP = and 
AR S 

Prove: ZARF = ZBFR. 

(The gap In ^ was left there 
so that the figure vfould not 
reveal whether or not ^ 
Intersects TlF. ) 

b. Do you need as part of the 
hypothesis that the figure 
lies In a plane? 

10. a. Given; In the figure, 

AH = FB, AB = PH, and 
^ bisects BS In K. 
Prove: QK = RK, 
b. Is the figure necessarily 
planar? 


A 


11. Given: square ABCD with P, 
Q, R, S the midpoints of TS, 
in5, respectively. 

Prove : A PQS , = Zv RQS . 
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12. 


Point out why the following arguinent is circular, and there- 
by invalid. 



Theorem: The base angles of an isosceles triangle are congruent 
Given; A ABC with 'KE = AC'. 

To prove : ZB = ZC , 

Proof; Statements Reasons 


1. 

IB = a5'. 

! 

i 1. 

Given, 

2 . 

M = Al. 

2. 

Given. 

3. 

BG = 5b. 

3. 

Identity . 

4. 

AABC = AACB. 

4. 

S.S.S. 

5. 

ZB = ZC. 

1 

5. 

Definition of congruent 
triangles . 
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13. Point out why the following argument is circular. 

Theorem: Given a correspondence hetween two triangles (or he- 
tween a triangle and Itself). If two sides and the included 
angle of the first triangle are congruent to the corresponding 
parts of the second triangle, then the correspondence is a 
congruence . 

Given; ABC --►DEP’, IS = M, SC = IF, /ABC = /DEF. 

Prove: A ABC = ADEF. 



Proof; Statement Reasons 


1. 

Let 

be the ray on 

1. 

Angle -Construction 



o 




the same 

side of AB as 


Postulate . 


AC such 

that /BAG' ^ /EDF, 








intersecting BC in O'. 



2. 

/ABC' ? 

' /ABC, 

2. 

C is on ray BC, from 





step 1 . 

3. 

/ABC = 

/DEF. 

3. 

Given. 

4. 

/ABC' = ZDEF. 

4. 

Steps 2 and 3 . 

5. 

AB = DE. 


5. 

Given. 

6. 

/BAG' = /EDF. ' 

1 

6. 

Step 1 , 

7. 

AABC' = ADEF. 

7. 

A.S.A. 

8. 

SC' = SS. 


8. 

Corresponding parts. 

9. 

SC = ss. 


9. 

Given. 

10. 

SC' = sc, 


10. 

Steps 8 and 9- 

11. 

c = c. 


11. 

Step 10 and the reason 





for Step 2. 

12. 

AABC’ = 

ADEF. 

12. 

Steps 7 and 11. 
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15. 


i6. 


If in the figure B F 1 
at F, BA I AR at A, and 
mZa = m Z b, can you prove 
that FB = AB? If SO; do so. 



In A HAFj points B and W are on 
sides TfF and HT,, respectively^ 
and FW I M, hB I W, and 
AW = AB. 

Prove: FW = HB. 



If .in the figure 
F5 bisects ZAQR, 

W bisects ZAQF and 
bisects ZFQR; 
prove that BQ = HQ. 


B F H R 



' 18 . In A ABC and AHRW; AB = HR, 

AC = HW and median AP = median h 5. 
On the basis of theorems you have 
had so far, can you show that 
A ABC = AHRW? 

If so, do so. 
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* „ 

19. Use the diagram for Problem IB and suppose now It is given 
that AB = HR, BC = RW, and median AF = median HQ. Can you 
prove that A ABC = AHRW? If so, do so. 

20. Given; Points A, R, S, and C lie on Line L. 

R lies between A and S. 

S lies between R and C. 

B and D do not lie on L. 

AR = CS. 

AB = CD. 

BS = DR. 

a. Prove that; .^BSA = ^dDRC . 

b. Need the points A, R, S, C, B, D be coplanar? 



22, Does the proof for Problem 21 hold even if the segments BC, 
IC, CE are not coplanar? 



S 
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24. A tripod with three legs of 
equal lengths VA, VB, VC 
stands on a plane. 

a, What can you say, If any- 
thing, about the distances 
AB, AC, BC? About the six 
angles ZVAB, ZVAG, ZVBA, eti 

b. Answer part (a) If you are 
given also that the tripod legs make congruent angles with 
each other j that Is, ZAVB = ZBVC = ZAVC, 

25 . a. Let AR and ^ bisect each other at M. Prove that 
AB = RQ and AQ = RB. 

b. Now let CUT also be bisected at M. How many pairs of 
congruent segments, as in (a) can you find? 

c. You probably thought of as lying In the same plane as 

M and B^. Is this necessary, or do your conclusions in (b) 
hold even if CX sticks out of the plane of M and b5? 

Try to visualize tne figure in the latter case, and either 
draw a picture or make a model, 

26. Let A ABC be any triangle and D a point not in the plane of 
this triangle. The set consisting of the union of six seg- 
ments AB, AC, BC, M, BD, CE we shall call a skeleton of a 
tetrahedron. Each of the six segments Is called an edge of 
the tetrahedron, each of the four points A, B, C, D Is a 
vertex, each triangle formed by three vertices is a face, 
each angle of a face Is a face angle. Edges and faces of a 
tetrahedron were considered in Problem 11 of Problem Set 3-lc. 

a. How many faces are there? How many face angles? 

b. Two edges of a tetrahedron are opposite edges if they do 
not Intersect. Tney are adjacent If they do intersect. 

If each pair of opposite edges are congruent, are any of 
the faces congruent? If each pair of adjacent edges are 
congruent, what kind of triangles are the faces? 

c. Construct an equilateral skeleton of a tetrahedron with 
toothpicks and quick-drying glue or with soda straws by 
threading string through them. 
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Review Problems for Chapter ^ 

1. Complete: 

If the vertices of two triangles correspond so that every pair 
of corresponding angles are and every pair of cor- 
responding are congruent, then the correspondence 

is a between the two triangles. 

2. Consider the set of abbreviations A.S.A,, S.S.A., S.A.S,, 
S.S.S.j AaA.A. 

a. Which subsets are abbreviations of postulates in this 
chapter? 

b. Which subsets are abbreviations of theorems proved in 
this chapter? 

3. If ARST is isosceles with RT = ST, what correspondences 

are congruences between j 

the trlang'le and Itself? 

R -s;::— 

4. Given AP = BP and DP = EP, 
what would be the final reason 
in the most direct proof that 

AAPD = ABPE? That AAEC = ABDC? 

A B 

5- Given: In the figure AR = RH 
and AP = BH. 

Prove: RB = RP. 


A 

B F 

6. In the figure for Problem 5, if RB = RP and AB ^ HP, prove 
that AR = HR. 





1^9 


j, A person wishes to 
find the distance 
across a river. He 
does this by sighting 
a tree, T, on the other 
side opposite a point P, 
such that T S | W . 

Marking the midpoint, M, 
of he paces a path 
perpendicular to PQ at Q until 

he determines the point X where his 

^ ■ > 

path meets line TM. What other segment 
in the figure has the same length as TP? 

What Is the principal theorem used in show- 
ing that: A TPM = AXQM ? 

8, Napoleon's forces, marching into enemy territory, came upon a 
stream whose width they did not know. Although the engineers 
were in the rear, nevertheless, the impetuous commander de- 
manded of his officers the width of tjie river. A young 
officer Immediately stood erect on the bank and pulled the 
visor of his cap down over^hls eyes until his line of vision 
was on the opposite shore. He then turned and sighted along 
the shore and noted the point where his visor rested. He then 
paced off this distance along the shore. Was this distance 
the width of the river? What two triangles were congruent? 
Why? ^ 
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9. In ^RST: Point X lies between 
S and T, and SX = SR. Point 
Q lies between R and T, and 
^ bisects ZS. is drawn 
Find an angle congruent to 
ZR, and establish the con- S 
gruence. 



10. Given; The figure with 
AB I M I BH. 

Zx = ZYi QB = WH and P 
the midpoint of M. 

Prove: ABPQ = AHPW. 



11. Given: In the figure, 
AB = AR and 
ZBAH = ZRAH. 

Prove: FB = PR. 


12. In this figure given that: 
AB = HP and 
RB = RF, 

Prove: A APR = AHBR. 




A 


B 


F 


H 



13 . Given: In the figure, 
AB = PB and MB = RB. 
Prove: A AQR = A PQK. 


Q 

l4. Jn this figure given 

that B and F trisect* 

LA = Ln and AR = HQ. 

Prove: BW = FW. 

^Trisect means to separate 
into three congruent parts. 



15. In this figure, given that 
HA = HB, 

AF ■bisects L HAB and 
BF bisects ^ HBA. 

Prove; AF = BF. 


H 



16. A polygon ABODE has five sides 
of equal length and five angles 
of equal measure. Prove that 
^ DAB = L DBA. 


D 



17. Prove: If two medians of a triangle are perpendicular to 
their respective sides, then the triangle is equilateral. 
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l8. In this figure 
IB = HE and 
1?B = 

Prove: ZA = ZH and 

IM = AM, 


19 . Prove that the bisectors of a pair of corresponding angles of 
two congruent triangles are congruent, 

20. In this figure it 
Is given that: 

XW = QR, 

Za = Zb, 

ZX = ZQ, 

Prove; KA * KM. 


21. In this figure It 
is given that 
Z1 = Z2, Z3 2 Z4, 
and JT = JB. 

Prove: Z5 = ^6, 


22. If PA = PB and QA = QB then 
Zapq = ZBPQ. Will the same 
proof hold regardless of whether 
A Is in the same plane as P, Q, 
and B ? 






23. a. Prove: If PA = PB, QA = QB 
and R is on as ahovm in 
the figure, then RA = RB. 

b, Muat the five points be 
ooplanar? Will the proof hold 
whether or not A la in the 
same plane as B, R, P, and Q? 

*24. In this figure, points F and 
H trisect AT, and points F 
and B trisect MR. If AP = FB, 
la A ABT = A MHR? Prove your 
answer . 



25. If lif is perpendicular to each of three different rays, 

RA, RB, RC at R and RA = RB = RC, prove that SA = SB = SC, 
(Draw your own figure.) 


Q 


26, Let A PAB and A QAB lie in 
different planes but have the 
common aide AB. Let A PAB = 
Prove that if X is any point 
AB then A PQX is Isosceles. 



*27. Complete Euclid's proof of the 
theorem that the base angles 
of an isosceles triangle are 
congruent . 

Given: AB = AC. 

Prove: A ACB = A ABO. 
Construction: Take a point P 
with B between A and P, and ‘ 
a point H with C between A 
and H so that AH = AF. Draw 
CF and W . 




20. Given: The plane figure ABCD 
AB = CD, AD = BC. 

Prove: AC and 15 bisect 
each other. 


* 29 , Given: The figure ABCD with 
AB = AC, DB = DC, and 
/BAX = /XAY = /CAY, 

Prove: AX = AY. 


Chapters 1 to 5 
REVIEW EXERCISES 


Review 


Write the numbers from 1 to 8o. Follow each with a "+" or 

a to indicate whether you consider the statement true or false, 

True will mean "true under all conditions" . 

1. Every two rays Intersect, 

2. ’kB designates a line, 

3. If ra iil ft = 100, then ft has no complement. 

4. A line and a point not on it determine a plane, 

5. If a point is in the interior of two angles of a triangle it 
is In the interior of the triangle. 

6. If a line intersects a plane not containing it, then the inter- 
section la one point, 

7. The union of two half planes is a vftiole plane. 

8. A point which belongs to the interior of an angle belongs to 
the angle. 

9. If AB = CD, then either A = C or A = D. 

10. The intersection of every two half planes is the interior of 
an angle, 

11. The interior of every triangle is convex. 

12. It is possible to find two sets, neither of them convex, which 
have a union which is convex. 

13. A ray has two end-points, 

14. Experimentation is always the best way of reaching a valid 
conclusion. 

15. Given four different points, no three of which are colllnear, 
there are exactly six different lines determined by pairs of 
these points. 

16. If m Z RST = m XYZ, then Z RST = Z XYZ. 

17 . In the figure the best way to name 
the angle formed by DA and DC is Z D. 

18 . In this text "between" for points on a line is an undefined 
term. 
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19- The vertices of a triangle are non-collinear. 

?0. The Intersection of two sets is the set of all elements that 
belong to one or both of them. 

21. Every statement about geometric figures which is not a defini- 
tion can be proved. 

22. If A XYZ = A CABj then A A = A X. 

23. It is possible for two lines to Intersect in such a way that 
three of the angles formed have measures 20, 70 , and 20. 

24. Each side of an angle is a ray. 

25. All nouns which the text uses that relate to geometry are 

defined in the text. 

26. The interior of an angle is a convex set, 

27. If m ^ ABC = 37 and m A DEP = 63, then A ABC and A dEP are 

complementary. 

28. 'If A is not between B and C, then C is between A and B, 

29. |m| is never a negative number. 

30. If point Q is in the exterior of A ABC, then Q and C are 
on the same side of AB. 

31. The distance between two points is the absolute value of the 
sum of their coordinates. 

32. The longest side of any triangle is called its hypotenuse. 

33. If A B I C D at point P (different from points A, B, C, D), 
then m A APC + m A CPB + m ABPD + m A DPA = 360, 

34. Given a line, there is one and only one plane containing it. 

35. A rational number la one which is the ratio of two Integers. 

36 . Given two points on a line, a coordinate system can be chosen 
so that the coordinate of one point is zero and the coordinate 
of the other one is negative. 

37. Two triangles are congruent if two sides and an angle of one 
are congruent to two sides and an angle of the other. 

38 . A colllnear set of points Is a line, 

39 . X ^ 2x. 
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40. The absolute value of every real number except zero la 
positive . 

41. If CD + CE = DE, then D Is between C dnd E. 

42. If In A ABC, mAA = mAB = mAC, then AB = BC = AC. 

43. If, In a plane Z, FT I line L, PQ | line L, and P is on 

L, then PT = PQ. 

44. From the statements (l) If q Is false, then p Is false, 

and (2) p Is true, we can conclude that q Is true. 

45. The Ruler Postulate states that any unit can be reduced to 

inches , 

46. If R Is a point in the interior of AXYZ, then m L XYR 
+ m A ZYR = m A XYZ . 

47. There are certain points on a number scale which are not in 
correspondence with any number. 

48. Every line is a colllnear set of points, 

49. j-nj = n. 

50. The distance between two points is a positive number. 

51. From the facts that m L AOB = 20 and mL BOC = 30 it can 
be concluded that m A AOC = 50. 

52. A point 0^ the edge of a half-plane belongs to that half -plane 

53. A line L in a plane E separates the plane into two convex 

sets . 

54. The median of a ti^iangle bisects the side to which it is drawn 

55. If two points lie in the same half -plane, then the line deter- 

mined by them does not intersect the edge of that half-plane. 

56. If two supplementary angles are congmaent, each is a right 
angle . 

57. The interior of an angle includes the angle itself. 

58. Vertical angles have equal measures. 

59. The sides of an angle are rays whose intersection is the ver- 
tex of the angle , 

60. If A C is supplementary to A A and m A A = 67, then 
m AC = 113. 

61. If two lines intersect, there are exactly two points of each 
which are contained by the other. 



158 


62 . If two angles have equal measures the angles must he congruent, 

63 . From the statement (l) If p is true, then q Is true, and 
(2) p is not true, we can conclude that q is false, 

64 . It has been proved in the first five chapters of this text 
that the sum of the measures of the angles of a triangle is 

180. 

65. The sides of a triangle are lines, 

66 . The midpoint of a segment separates it into two rays. 

67. If two lines intersect so that the vertical angles formed are 
supplementary, then the measure of each angle Is 90 . 

68 . If m Z. B = 93, then /L B is acute. 

69. For all numbers x, jxj = x. 

70. The intersection of S and BA is AB, 

71. In A ABC all points of BC are in the interior of L A. 

72. If AABC S A BCA, then A ABC is equilateral, 

73. If lx| = |y|, tnen x^ - y^. 

74. A ABC and A RPH which are in different planes. are congruent 
if AB = RP, BC = PH and AC = RH. 

75. A ABC ^ A MQT if AB = QM, BC = TQ and AQ = AB. 

76. Median AB in A ACE bisects A A. 

77 ‘ If ^ = y^ then |x| = lyj. 

78. If three points are on three different lines, the points are 
non-colllnear. 

79 - There is no A ABC in which A A = A B. 

80. Two points not on a plane are In opposite half-spaces deter- 
mined by the plane If and only if the segment Joining them 
intersects the plane. 



Chapter 6 

A CLOSER LOOK AT PROOF 
How A Deductive System Works . 

In Chapter 1 we tried to explain In general terms how our 
study of geometry was going to work. After the experience that 
you have had since then^ you ought to be In a much better position 
to understand the explanation. 

The Idea of a set, the methods of algebra, and the process 
of logical reasoning, are things that we have been working with . 
The geometry itself Is what we have been working on. We started 
with point , line and plane as undefined terms; and so far, we 
have used fifteen postulates. Sometimes, new terms have been 
defined by an appeal to postulates. (For example, the distance 
PQ was defined to be the positive number given by the Distance 
Postulate.) Sometimes definitions have been based only on the 
undefined terms. (For example a set of points Is colllnear if 
all points of the sat lie on the same line , ) But at every point 
we have built our definitions with terms that were, in some way, 
previously known. By now we have piled definitions on top of 
each other so often that the list is very long. And In fact, 
the length of the list Is one of the main reasons why we had to 
be careful, at the outset, to keep the record straight. 

In the same way, all the statements that we make about 
geometry are based ultimately on the postulates. Sometimes we 
have proved theorems directly from postulates, and sometimes we 
have based our proofs on theorems that were already proved. But 
In every case, the chain of reasoning can be traced backward to 
the postulates. 

You might find It a good Idea, at this point, to reread the 
second half of Chapter 1. It will seem much deafer to ypu now 
than It did the first time. It Is much easier to look back, 
and understand what you have done, than to understand an ex- 
planation 01 ' what you are about to do. 
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6-2, Indirect Proof , 

We remarked in Chapter 1 that the best way to learn about 
logical reasoning is by doing some of It. There la one kind of 
proof, however, that may require some additional discussion. For 
Theorem 3-1, we used what is called an indirect proof . The 
theorem and its proof were as follows; 

" Theorem 3-1 . Two different lines intersect in at most 
one point. 

Proof! It is impossible for two different lines to inter- 
sect In two different points P and Q. This is impossible 
because by Postulate 1 there is only one line that contains both 
P and Q. " 

Probably this was the first time that you had seen this kind 
of reasoning used in mathematics, but you must have encountered 
the same sort of thing, many times, in ordinary conversation, 

Both of the following remarks are examples of indirect proofs: 

(1) "It must be raining outside. If it were not raining, 

then those people coming in the door would be dry, but they 
are soaking wet." ^ 

(2) "Today must not be the right day for the fc>>ptball game. 

If the game were today, then the stadium would be full of people, 
but you and I are the only ones here." 

In each of these cases, the speaker wants to show raat his 
first statement is true. He starts his proof by supposing that 
the thing he wants to prove is wrong; and then he observes feSli 
this leads to a conclusion which contradicts a known fact. In 
the first case, the supposition is that it is not raining; this 
leads to the conclusion that the people coming in would be dry, 
which contradicts the known fact that these people are wet; and 
therefore it is raining, after all. Similarly, in the second 
case the assumption that the game is today leads to a contradiction 
of the known fact of the empty stadium. 

In the proof of Theorem 3-1, the supposition is that some 
two different lines intersect In two points. By Postulate 1, 
this leads to the conclusion that the lines aren't dltfsrent 
after all. Therefore the supposition Is wrong, and this means 
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that the theorem is right. 
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Problem Set 6-2a 

1, For the sake of argument accept each of the following assump- 
tions and then give a logical completion for each conclusion. 

a. Assumption: Only men are color blind. 

Conclusion: My mother . 

b. Assumption: All men are left-handed. 

Conclusion: My brother . 

c. Assumption; The only thing that makes Jane ill is hot 

chocolate. Jane is ill. 

Conclusion: Jane 

2, Which of the following argxanents are indirect? 

a. The temperature outside must be above 32° F, If the 
temperature were not above 32 °, then the snow would 
not be melting. But it is melting. Therefore, the 
temperature must be above 32 °. 

b. That movie must be very entertaining. If it were not 
very entertaining, then only a few people would go to 
see it. But large crowds are going to see it. There- 
fore, it, must be very entertaining. 

c. The air-conditioning in this building must not be 
working correctly. If it were working correctly, 
then the temperature would not be so high. But the 
temperature is uncomfortably high. Therefore, the 
air-conditioning is not working correctly. 

3, Mrs, Adams purchased a set of knives, forks, and spoons 
advertised as a stainless steel product. After using the 
set for several months, she found that the set was beginning 
to rust. She thereupon decided that the set was not stain- 
less steel and returned It for refund. 

In this example of indirect proof identify (l) the 
statement to be proved, (2) the supposition made, ( 3 ) the 
conclusion resulting from the supposition, and (4) the 
known fact contradictory to ( 3 )- 
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4. 


5. 


6 . 


7. 


8 . 


V/hat conclusions can you draw from the following hypothesis 
In which X, y and z stand for different statements? 


If 

X 

is true, then 

y 

Is 

true . 

If 

y 

is true, then 

z 

is 

true. 

X 

is 

true . 




Suppose you have the 

following data 

If 

w 

is true, then 

v 

is 

true . 

If 

u 

is true, then 

w 

is 

true . 

If 

X 

is true, then 

u 

is 

true , 


V is not true. 

What conclusions can you draw? Did you use Indirect reason- 
ing at any point? 

What conclusion follows from the following data? 

(1) Nobody is allowed to join the swimming club unless he 
can play the piccolo. 

(2) No turtle can play the piccolo. 

(5) Nobody is allowed to wear striped trunks in the club 
pool unless he is a member of the swimming club. 

(4) I always wear striped trunks in the club pool. 

(Hint: This problem becomes easier if you convert it 
to if-then form, as in several preceding problems. For 
example, let A be "someone is a member of the swimming 
club", let B be "someone can play the piccolo", etc.) 

If A is green, then B is red. 

If A is blue, then B is black. 

If B is red, then Y is white. 

a. A is green, so B is and Y is 

b, B is black. Is it possible to draw a conclusion con- 
cerning A? If so, what conclusion? 

Prove that the bisector of any angle of a scalene triangle 

cannot be perpendicular to the opposite aide. 


Let us now prove the other theorems of Chapter 5 ■ For 
convenience, we first restate the postulates on which these 
proofs are based: 

Postulate 1 . Given any two different points, there is 
exactly one line which contains both of them. 
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Postulate 5 - a. Every plane contains at least three non- 
collinear points, b. Space contains at least four non- 
coplanar points. 


Postulate 6 . If tv;o points lie In a plane, then the line 
containing these points lies in the same plane. 


Postulate 7 . Any three points lie in at least one plane, 
and any three non-collinear points lie in exactly one 
plane. More briefly, any three points are coplanar, and 
any three non-colllnear points determine a plane. 


Theorem 3-2 ■ If a line Intersects a plane not containing 
it, then the intersection is a single point. 

Proof: By hypothesis, we have a line L and a plane E, and 

(1) L intersects E in at least one point P, and 

(2) E does not contain L. 



Vfe are going to give an indirect proof of the theorem and 
therefore we start by supposing that the conclusion is false. 
Thus our supposition la that 

(3) L intersects E in some other point Q. 

To give an indirect proof, we need to show that our suppo 
sltlon contradicts a known fact And it does: If P and Q 
lie in E, it follows by Postulate 6 that the line containing 
them lies in E. Therefore 

(4) L lies in E, 

This contradicts (2) . Therefore the supposition (3) la 
impossible, Therefore Theorem 3-2 is true. 


r eie»n - 








Notice that the figures that we use to illustrate indirect 
proofs look peculiar. In the figure for Theorem 3-2^ we have 
ihdicated a point Q, merely to remind ouraelvea of the notation 
of the proof. The proof itself shows that no such point Q can 
possibly exist. In fact, the figures for Indirect proofs always 
look ridiculous, for a good reason; they are pictures of impos- 
sible situations. If we had drawn a figure for Theorem 3-1, it 
would have looked even worse, perhaps like this: 



This la a picture of an impossible situation in which two 
different lines Intersect in two different points. 

Theorem 3-3 . Given a line and a point not on the line , 
there is exactly one plane containing both of them. 



Proof: By hypothesis we have a line L and a point P 
not on L. By the Ruler Postulate we know that every line 
contains infinitely many points, and so L contains two points 
Q and R. By Postulate 7 there exists a plane E which contains 
P, Q, and R. Since by Postulate 6, E contains L, we have 
shown that there exists a plane E containing both L and P. 

At this point we actually have proved only half of the 
theorem, since Theorem 3-3 aays there is exactly one such plane. 

It remains to prove that no other plane containing L and P 
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exists. We do this by indirect proof 

Suppose that there la another plane E' containing L and 
p, Since by Postulate 1 L is the only line containing Q and 
R, we know that Q and R, as well as P, lie in E' This 
contradicts Postulate 7 which says that exactly one plane contains 
three non-colllnear points Since E was established as a plane 
containing P, Q and R, E' can not exist, and E la the 
only plane containing L and P, 

The two parts of the proof of Theorem 5-3 bring up the 
distinction between existence and uniqueness . The first half 
of the proof shows the existence of a plane E containing L 
and P. This leaves open the possibility that there may be more 
than one such plane. The second half of the proof shows the 
uniqueness of the plane. When we prove existence, we show that 
there is ab least one object of a certain kind, When we prove 
uniqueness we show that there Is ab moat one . If we prove both 
existence and uniqueness, this means that there is exactly one . 

For example, for the fleas on a stray dog, we can usually 
prove existence, but not uniqueness, (it is a very lucky dog 
that has only one flea. ) For the eldest daughters of a given 
woman, we can obviously prove uniqueness, l?ut not necessarily 
existence; some women have no daughters at all. For the points 
common to two different segments, we don't necessarily have 
either existence or uniqueness; the Intersection may contain 
many points, or exactly one point, or no points at all. 

The phrase "one and only one" is often used Instead of 
"exactly one" since it emphasizes the double nature of the 
statement. * 

The following theorem breaks up into two parts in exactly 
the same way: 

Theorem Given two intersecting lines, there is exactly 

one plane containing them. 

For variety we give the proof in double -column form. Note 
the two parts and the way we handle the indirect proof in the 
second part. 


[sec. 6-2] 



l66 


Proof: We have given the lines and L 2 ; Intersecting 

in the point P. 



Statements 


Reasons 

1. 

L, contains a point ft, 
different from P. 

1. 

By the Ruler Postulate, 
every line contains in- 
finitely many points. 

2. 

ft is not on Lg. 

2 . 

Theorem 3-1- 

?■ 

There is exactly one 
plane E, containing Lp 
and ft. 

3. 

Theorem 3-3. 

4. 

E contains 

4. 

By Postulate 6, since E 
contains P and ft. 

5- 

Suppose that another plane 5 

' also contains L, and Lp. 

6. 

P contains ft. 

6. 

ft is on L^. 

7- 

E and P each contain 

Lg and ft. 

7. 

Steps 3 and 4, and 5 add 6. 

8. 

E is the only plane con- 
taining and Lg. 

8. 

Step 7 contradicts Theorem 

3-3. 


Problem Set 6-2b 

1. la a triangle neceaaarily a plane figure? Explain. 

2 . 



Theorem 5 -^ says, in effect, "Two intersecting lines 
determine a plane". How many different planes are deter- 
mined by pairs of intersecting lines in this figure? 
Assume that the three lines are not all in the same 
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4. 

5- 


plane. List each plane by naming the two Intersecting 
lines that determine It. 

How many different planes are determined by pairs of the 
four different lines AQ; BQ, CQ, and DQj no three of 
which lie in the same plane? List the planes by naming 
for each the two intersecting lines that determine it. 

If, in a plane Z, line L and "PQ J_ line L, 

what conclusion can you draw regarding PQ and PT? 

» Q 


A 


B. 




As indicated in this figure, A and B lie in plane P. 

K > 

Q lies above plane P. Does line AB lie entirely in P? 
Quote a postulate or theorem to support your conclusion. 
There is a second plane implicit in the situation. Name 
it by the three points which determine it. What is the 
intersection of these two planes? At what point will 
QB Intersect plane P? 

6. If A, B, C, D are four non-colllnear points, list 
all the planes determined by subsets of A, B, C, D. 


6-5 . Theorems about Perpendiculars . 

Some of the basic theorems about perpendicular lines are 
good examples of existence, uniqueness, and indirect proofs. 

Theorem 6-1 . In a given plane, through a .given point of 
a given line of the plane, there passes one and only one line 
perpendicular to the given line. 

Given: E is a plane, L a line in E, and P a point 

of L. 

To prove: (l) There is a line M in E, such that M 
contains P and M J_ L; 

(2) There is at most one line in E, containing 
P and perpendicular to L. 
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Let H be one of the two half -planes in E that have L 
as an edgej and let X be a point of L, different from P, By 
the Angle Construction Postulate^ there is a point Y of H, 
such that L Xpy is a right angle. Let M be the line . 

Then M L L. Thus we have proved that there Is ^ least one 
line satisfying the conditions of the theorem. 

Proof of (2): We now need to prove that there is at most 
one such line. Suppose that there are two of them, and 

Mg. Let X be a point of L, different from P. 



Then the lines and Mg contain rays PY^ and PYg lying 

in the same half-plane H having L as its edge. By definition 
o’f perpendicular lines, one of the angles determined by L and 
is a right angle, and by Theorem 4-8 all four of these 
angles are right angles. Thus m/LXPY^ = 90. Similarly, 
mLXPYg = 90. But this contradicts the Angle Construction 
Postulate, which says that there is only one ray PY, with Y 
in H, such that mZ.XPY = 90, This contradiction means that 
our assumption of two perpendiculars and Mg must be 

false, which proves the second half of the theorem. 
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The condition "in a given plane" Is an Important part 
of the statement of this theorem. If this condition vfere 
omitted the first (existence) part of the theorem would still 
be true but the second (uniqueness) part would not. This Is 
easily seen by thinking of the relation between the spokes of 
a wheel and the axle. Thus leaving out this condition would 
give us art example of a geometric existence theorem with no 
corresponding uniqueness theorem. The opposite situation, a 
\jnlquene33 theorem with no corresponding existence theorem, 
has already been considered In this chapter. Can you Identify 
It? 

Definition . The perpendicular bisector of a segment. In a 
plane. Is the line in the plane which Is perpendicular to the 
segment and contains the mld-polnt. 

Every segment has exactly one mid-point, and through the 
mid-point there la exactly one perpendicular line In a given 
plane. Thus, for perpendicular bisectors In a given plane, 
we have both existence and uniqueness. 

The following theorem gives a useful characterization of 
the points of a perpendicular bisector: 

Theorem q-2 . The perpendicular bisector of a segment. In 
a plane, Is the set of all points of the plane that are equi- 
distant from the end-points of the segment. 

Restatement: Let L be the perpendicular bisector of the 

segment TIE In a plane E and let C be the mid-point of 
TIB. Then 

(1) If P Is on L, then PA = PB, and 

(2) If P la In E, and PA = PB, then P Is on L. 

Notice that the restatement makes It plain that the proof 

of the theorem will consist of two parts. In the first part we 
prove that every point of the perpendicular bisector satisfies 
the characterization, that Is, is equidistant from the end-points 
of the segment . But the theorem says that the perpendicular 
bisector Is the set of all such points. To prove this, then, we 
must also show that every such point, characterized by being 
equidistant from the end-points of the segment. Is on the 

r A— n 1 
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perpendicular bisector. This last is the second part of the 
restatement . 

Proof of (l); Given a point P of L. If P lies on 
AB, then P = Cj and this means that PA = PB by the definition 
of mid-point of a segment, If P is not on the line tf, then 



PC = PC by identity j and, by hypothesis, CA = CB and 
LPCA S Z.PCB. Hence by the S.A.S. Postulate, 

A PCA S APCB. 

Therefore PA = PB, which was to be proved. 

Proof of (2): Given that P lies in the plane E and 
FA = PB. If P is on then P is the mid-point C of 

and so P is on L. If P Is not on AB, let L' be 
the line PC ; 
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then PC = PC, 
Theorem, 


CA = CB, and PA = PB. (Why?) By the S.S.S. 


APCA s A PCB. 


Therefore APCA = A PCB. Therefore, by definition, L' _[_ 7E, 
and 30 L' is the perpendicular bisector of TS. Therefore, 
by Theorem 6-1, L' = L, and P is on L, which was to be 
proved . 

Next we prove the analog of Theorem 6-1 for the case in 
which the given point is not on the given line. Since the 
proof is considerably more complicated than that of Theorem 6-1, 
we will state and prove the existence and the uniqueness parts 
as Separate theorems. Because it is the simpler, we start with 
uniqueness . 

• Theorem 6-3 - Through a given external point there is at 
most one line perpendicular to a given line. 

Proof: Like most uniqueness proofs, this la an indirect 

one. Suppose and Lg are distinct lines through point 



in B. 


have A B (Theorem 3-l)- 

On the ray opposite to AP take AQ = AP (Point Plotting 
Theorem). Then AQ = AP, AB = AB, m A PAB = m A QAB = <^0, and 
so A QAB = A PAB by the S.A.S. Postulate. 

It follows that 

m A QBA = m APBA = 90 , 
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and ao BQ J. L. Thla eontradicta Theorem 6-1, which aays that 
there is only one perpendicular to L at B lying in the plane 
containing L and L^. Hence our supposition that there could 
te two perpendiculars to L through P la false. 

Corollary 6-3-1 . At moat one angle of a triangle can be 
a right angle. 

For if in A ABC, L A and AB were both right anglea we 
would have two perpendiculars from C to 

Definitions . A right triangle is a triangle one of whose 
angles is a right angle. The side opposite the right angle is 
the hypotenuse j the sides adjacent to the right angle are the 
legs . 

Theorem 6-4 . Through a given external point there is at 
least one line perpendicular to a given line, 

Restatement: Let L be a line, and let P be a point not 
on L. Then there is a line perpendicular to L and containing 



First we will explain how the perpendicular can actually be 
constructed, on paper, using a ruler and a protractor. Prom the 
method of construction, it will be clear how the theorem can be 
proved from the postulates. 

Step 1 . Let Q and R be any two points of the line L. 
Measure the angle L PQR. 
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Step g . Using the protractor, construct an angle L RQS, 
with the same measure as L PQR, taking S on the opposite side 
of the line L from P. 

Step 3 - Measure the distance ftP. Take a point T on 
QS, such that QT = QP. 

Step 4 . Now draw the line TP. This is the perpendicular 
that we were looking for. For the reasons, see the proof below. 
First, however, you should try this construction with your ruler 
and protractor, and try to see for yourself why it works, 

Let us now write down the proof in the double-column form. 
Each of the first few statements on the left corresponds to one 
of the things that we were doing with our drawing instruments. 


Statements Reasons 


1. 

L contains two points Q 
and R. 

1. 

The Ruler Postulate. 

2. 

There is an angle LRQ^, 
congruent to L RQP, with 

S and P on different 
sides of L. 

2 . 

1 

The Angle Construction 
Postulate . 

3. 

There is a point T of 
the ray QS, such that 

QT = QP. 


The Point Plotting 
Theorem. 

4. 

T and P are on opposite 
sides of L. 

4. 

P and S are on opposlt 
sides of L, and S and 

T are on the same side o 
L. 

5- 

1 

TF intersects L, in a 
point U. 

5. 

Definition of opposite 
sides . 

6 , 

APQU S /I^TQU. 

6. 

Statement 2, statement 3 j 
and the S.A.S, Postulate. 

7. 

/LQUP * L QUT. 

7. 

Definition of a congru- 
ence between triangles. 

8. 

Z_Q,UP is a right angle. 

8. 

Definition of right angle 

9. 

PT 1 L. 

9. 

Definition of perpendicu- 
larity. 


This proof somewhat resembles the proof of the S.S.S. 
Theorem (Theorem 5-6) . Like this earlier theorem it has seve- 
ral cases, only one of which (that in which U and R lie on 
the same side of q) Is completely covered by the above prooT. 
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The rnodirications necessary for the other two cases (U = Q and 
Q is between R and U) are left as exercises for the student. 


1 . 


Problem Set 6-3 

If BC = DC and 
prove without the use of 
congruent triangles that 
EB = ED. 



2. If AE 1 M at B as 
shovm in the figure, with 
lengths of segments as 
indicated, find x, y and 
z . 



3. 


Given: PA = PB, M is the 

midpoint of IS, and Q is 

^ ■ > 

on line PM as shown In 
the figure . 

Prove: QA = QB. 

(Use paragraph proof, ) 



Given: The line m Is the perpendicular bisector of the 


segment P is on the same side of m as Q,. R is 
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5 . 


Copy the figure below. Following the steps outlined in the 
text construct perpendiculars from A, B and X to line L. 


•X 


■ A 






• B 

6. Copy the figure. Using ruler and protractor construct 
perpendiculars from A and F to HB. 



7. Does Theorem 6-4 state the existence of a unique perpendicular 
to a line from a point off the line? If we confine our 
thinking to a plane, does Theorem 6-1 state the existence 
of a unique perpendicular to a line through a point on the 
line? 

*8. Given isosceles triangle ABC with AC = BC and bisectors 
AD and BE of LA and L B, AD and BE intersect at 
point F'. Prove that is perpendicular to AB. (It is 

not necessary to use any congruent triangles in your proof.) 

*9- One diagonal of a quadrllataral bisects two angles of the 
quadrilateral. Prove chat it bisects the other diagonal. 
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S-k. Introducing Auxiliary Sets Into Proofs . 

You probably noticed that In proving some theorems ^ most 
recently, Theorems 6-2 and we introduced certain points, 

rays and segments Into the figure In addition to those speci- 
fied In the theorem. Possibly two questions concerned you: 

1. How can we Justify Introducing such additional sets 
Into proofs on the basis of our postulates? 

2. How do we know which of these sets, If any, should be 
introduced Into the proof of a theorem? 

The first question Is easy to answer. In working with 
theorems we usually are concerned with various relationships 
among certain points, lines, planes and subsets of these, and 
as a practical matter in proving theorems, we choose certain 
planes or lines and certain points on them. Frequently we do 
not concern ourselves with Justifying this procedure. For 
example, if we are given a line we may immediately name it 
When asked to give a reason, however, we can refer to the Ruler 
Postulate, which says that a line contains infinitely many 
points, and thereby the two points P and Q exist. Similarly, 
given two points A and B we may talk about AB with complete 
confidence since It stands for a line whose existence and unique- 
ness are guaranteed by Postulate 1. (See Section 6-2.) 

The careful concern over Justifying existence and uniqueness 
becomes especially important when we Introduce Into the proof 
certain points, lines, segments, and so on, not accounted for by 
the theorem being proved. Certainly we can not have these sets 
In our proofs If they do not exist under the conditions of our 
geometry, except, of course. In an indirect proof, where the 
object is to show they can't exist. 
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In the table below we Hat the postulates and theorems 
occurring so far which may be used, appropriately, to Introduce 
auxiliary sets Into proofs. 


Geometric Set Existence Uniqueness 


1. 

Point . 

Postulates 3 

and 

5. 

Theorems 2-4, 3-1, 3-2 


a . 

Midpoint . 

Theorem 2-5. 



Theorem 2-5. 

2. 

Line , 

Postulates 1 

and 

8. 

Postulates 1 and 8. 


a. 

Perpendicular 
at point on 
line, in a 
plane. 

Theorem 6-1. 



Theorem 6-1. 


b. 

Perpendicular 
bisector, In 
a plane. 

Theorems 2-5 
6-1 

and 


Theorems 2-5 and 

6-1. 


c . 

Perpendicular 
from point 
not on line. 

Theorem 6-4. 



Theorem 6-3 . 

3. 

Plane , 

Postulate 7. 
Theorems 3-3 

3-4. 

and 


Postulate 7. 

Theorems 3-3 s^hd 

3-4. 

4. 

Ray as used in 
angle measure. 

Postulate 12 

• 


Postulate 12. 


a . 

Bisector of 
an angle . 

Theorem 5-3. 



Theorem 5-3 ■ 

5. 

Segment . 

Postulate 1 and 
Definition of 
segment • 


Postulate 1 and 
Definition of 
segment . 


Prom this table you may see that you already know a lot about 
the nature of our three basic undefined terms. 

The answer to the second question presents a problem quite 
different from the answer to the first. Getting to know when to 
Introduce auxiliary sets Into a proof Is largely part of the 
process of learning to reason logically. It requires consider- 
able, practice . Let's try an example to see how this works. 
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Given: The plane figure with AD = AE and CD = CE. 

To prove: Z. D = E. 



C 


Since all of our postulates and theorems concerning con- 
gruence have dealt with triangles j it seems reasonable that our 
figure should show some triangles. We can accomplish this easily 
by introducing either XC or T52. 

Suppose v/e introduce 5 e so that our figure looks like this: 



This allows us to complete the proof, since m Z. ADE = m Z_ AED 
and mZ.CDE = m Z.CED gives us mZ.ADC = m Z.AEC by the Anglo 
Addition Postulate. 
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Had we Introduced AC instead of M, our proof, In two- 
column form this time, would have looked like this: 


A 




Statements 


Reasons 

1. 

Introduce 

1.' 

Postulate 1 and Definition 
of segment. 

2. 

AC = AC. 

2. 

Identity. 


AD = AE and CD = CE. 

5 . 

Given. 

4 . 

A ADC S A AEG . 

4 . 

S.S.S. Theorem. 

5 . 

AD = AE, 

5 . 

Definition of congruent 
triangles . 


Each of the solutions to Example 1 is correct. The choice 
of which one you use is up to you. But it is worth noting that 
in many problems where a choice exists, the choice you make will 
determine the degree of difficulty of the proof. It is helpful 
to think through each solution before writing one down formally. 

An important aspect of learning what to Introduce in a 

« 

proof can be Illustrated if we remove from the hypothesis of 
Example 1 the condition that the figure is a plane figure. If 
D is not coplanar with A, E, and C, at least one of the 
solutions does not hold. Does either solution hold"’ If one 
does, which one? 

One final word of warning before you begin to Introduce 
auxiliary sets into your proofs. In answering Question 1 
we were careful to say that each such step must be Justifiable, 
that is, that every point, line, plane, and so on must exist 
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under our postulates. Students often make the mistake of not 
recognizing this. For example, you might think you could prove 
the statement "All angles are congruent" by the following argu- 
ment. A 

Example 2 . 

Given any ^ ABC, prove that 

S LC. 

Proof; In A ABC introduce 
JS) bisecting L A and perpendi- 
cular to 

Then L BAD s L CAD by defi- 
nition of the bisector of an 
angle, AD = AD by identity, and A BDA S ACDA by the definition 
of perpendicular and the fact that all right angles are congruent. 
Therefore A BAD s ACAD by A.S.A., making AB A C. 

It does not take long to see the serious error of this so- 
called proof. The segment 15, as angle bisector and the per- 
pendicular to the base, does not exist under our postulates. 
Moreover, the figure makes A ABC appear to be isosceles and 
thus makes a 5 appear as Introduced above. Were the figure 
like this. 



A 



you certainly would not consider using TD as It Is used. This 
leads us once more to say that the figure is merely a convenience 
to aid you In thinking through your reasoning in logical and 
carefully chosen words, 
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Problem Set 6-4 


1. Given: A, B, C and D are 
coplanar. AD = CD. 

m LA = m Z_ C . 

Prove: AB = CB. 

Does the proof work if A, 
B, C, D are not coplanar? 

2. Given: XY = AB, AY = XB. 

Prove: A XOY s AAOB. 


5. Given: E, A, S and Y are 
coplanar. A E e A A, 

YE s 

Prove : A Y — A S . 


D 



Y 




4. 


5. 


Devise a second solution to Problem 3 
auxiliary segments different from the 
the solution of Problem 3- 
If AC = AB and CD = BD in 
the plane figure, show A ACD « A ABD. 
Devise a proof that works if the 
figure does not lie In the plane. 


above by introducing 
ones you used' in 


A 
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6-5- Betweenness and Separation . 

Critical students may have discovered two places in 
Chapter 5 where the given proofs are not quite complete These 
defects occur in Theorems 5-3 and 5-6, and are similar in the 
two places j consisting of a failure to show why a certain point 
lies in the interior of a certain angle. In Theorem 5-3 we 
must know that D la in the Interior of L BAG before we can 
conclude that AD bisects this angle. And in steps 9 and 10 
of Theorem 5-6 we must know that H is in the interior of 
4. ABC and of Z.AE'C before we can apply the Angle Addition 
Postulate , 

In these places it is not enough to observe that in the 
figure the points lie in the proper places. Remember first 
that a drawing is only an approximation to the true geometrical 
situation, and secondly that this is only one figure and the 
theorem is supposed to be proved for all cases. 

You probably wonder why an Incomplete proof should be 
presented in a text-book. The reason is that the proofs of 
of such separation properties as this one are often long, comp- 
licated, and uninteresting, and that they contribute little or 
nothing to the essential idea of the proof. If you understand 
the proof of these theorems as given but did not notice the 
Incompleteness of these particular steps, you need not worry 
about your competence in geometry. For many centuries learned 
men disputed whether steps like these needed any Justification, 

However, mathematicians now agree that even such "obvious" 
steps require a logical proof, and so we present here two 
theorems and some problems to fill the gaps In these (and later) 
proofs , 
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Theorem 6-5 , If M Is between A and C on a line L, 
then M and A are on the same side of any other line that 
contains C. 



Proof; The proof will be Indirect. If M and A are on 
opposite sides of L' (in the plane that contains L and L') 
then some point D of L' lies on the segment AM. Therefore 
D is between A and M, by definition of a segment. But D 
lies on both L and L' , Therefore D = C. Therefore C is 
between A and M. This is Impossible, because M is between 
A and G. (See Theorem 2-5.) 

We can now prove a theorem which completes the proof of 
Theorems 5-3 and ^- 6 : 

Theorem 6-6 . If M is between A and C, and B is any 
point not on the line AC, then M is in the interior of Z_ ABC 


B 



Proof: By the preceding theorem, we know that M and A 
are on the same side of %(?. By another application of the 
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preceding theorem (interchanging A and C) we know that M 
and C are on the same side of "tS. By definition of the Interior 
of an angle, these two statements tell us that M Is in the 
Interior of L ABC, which was to be proved. 

Problem Set 6-5 

Note: On this problem set no Information Is to be read from a 
figure . 

1 . 


B C 


Given A ABC with P between A and C, X between A 
and B and Q in the Interior of A ABC. Complete the 
following statements, and give reasons to Justify your 
answers , 

a. P lies in the interior of [_ . 

b. X lies in the interior of i . 

c. Q lies in the interior of i , ^ 

and I . 
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2. The following faulty argument that an obtuse angle is con- 
gruent to a right angle emphasizes the importance of knowing 
the side of a line on which a point lies. 



Suppose that ABGD is a rectangle as shown and that the 
side BC is swung outward so that BC ' = BC and Z_ABC' is 
obtuse. Let the perpendicular bisector of aB intersect the 
perpendicular bisector of dU' at X. If X is below 
as shown, we have A AXD S A BXC by the S.S.S. Theorem, and 
hence mADAX = mAC'BX. Also, A EAX s A EBX by S.S.S. , and 
so mAEAX = mAEBX, It follows by subtraction that 
mADAE = mAG'BE. 

^ > 

In case X lies above AB, as in the figure below. 


D C 



we get, exactly as before, mADAX = mAC'BX, mAEAX = mAEBX, 
and the desired equality, mADAE = mAC'BE follows by 
addition . 

What is wrong with the above argument? 
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c 

■*3. Suppose ABC is a triangle 

and D is a point between B 
and C > Show that if L is 
a line in' the plane of A ABC * 
which intersects SC at D, 
then L intersects IS or IB, 

(Hint: If L contains B, A B 

then L intersects IS. If L 
does not contain B, then let 

Hg be the two half -planes into which L separates the 
the plane of A ABC, being the one that contains B. 

Since A belongs to either L, or Hg, there are 

three cases to consider. ) 

*4. A theorem whose truth appears obvious is often difficult 
to prove. The following such theorem is assumed in the 
proof of Theorem 7-1 of the next chapter. 

Suppose ABC is a triangle, D is a point between 
A and C and E is a point of BC beyond C, Then each 
point P of BD beyond D is in the interior of Z_ACE, 

The thing to be proved is that F is on the same side 

< > 

of BC as A and that F is on the same side of AC as E 

a. How do we know that A and A 

D are on the same side of 
Be? What theorem implies 
that D and F are on 
this same aide? 

b. Prove that if Hg are 

the two half planes into 
which AC separates the 
plane of the figure and- B 
belongs to then each 

of E, P belong to Hg, This shows that E and P 
are on the same side of 
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*5- Another theorem Vfhose truth is frequently accepted without 
proof is the following: If D is a point in the interior 
of L ABC, then BI? Intersects AH'. 

We suggest below a "triclcy" proof in which we consider 
ABAC, where E is a point of A^ beyond B. This 
enables us to apply the results of Problem 2, Parts a and 
b below are used to show that does not Intersect 1?. 

a. Suppose are the 

two half -planes into which 

< — > 

BC divides the plane of 
A EAC with A in 
Why Is D in What 

theorem implies that each 
point of BD other than E 
B is in H^? Why is E 
in H 2 ? 

What theorem implies that each point of EC^ other than 
C Is in H 2 ? Why does EC fail to Intersect B D? 

b, ' Why does EC fall to Intersect the ray opposite BD? 

c . Why does BD Intersect ^? 

d, Why does the ray opposite BD fall to intersect ^C? 

*6, The following theorem may be used instead of Parts a and 

b of Problem 5 to show that A and C lie on different 
sides of BD. 

Theorem: If point D is in the interior of A ABC, 

then A is not in the interior of L DBG nor is C 
in the interior of L ABD. 

Prove this theorem. 
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*7- There are studies of geometry that use other systems of 
postulates than the ones we have adopted A postulate 
taken from one such system Is the following: 

If A, B, C, D, E are points such that A, B and C 
are non-colllnear and B Is between A and E and D Is 
between B and Cj then there Is a point X such that X 
is between A and C while D Is between E and X 

This statement can be proved In our system of postu- 
lates . 

a. Why are A, B; C, D, E 
coplanar'’ 

b . Show from the Plane 

Separation Postulate 

< — ^ 

that ED intersects 
at a point X be- 
tween A and C. 

c. It can be shown that D 
is between E and X by 
on opposite sides of some 

8. Given points P and Q on 
opposite sides of plane E 
with ?Q intersecting E in 
M. Identify the following 
statements as true or false. 

a. If L is a line in E perpendicular to FQj then P 

and Q are on opposite sides of L in the plane 
determined by P and L, 

b. If L is a line in E through M, then P and Q are 

on opposite sides of L in the plane determined by 

P and L. 

c. If L Is a line In E, then P and Q are on opposite 

sides of L In the plane determined by P and L. 

d. P and Q are on oppo site sides of every plane through 

M not containing PQ. 



showing that E and X are 
line. What line? 
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Chapter 7 

GEOMETRIC INEQUALITIES 

7-1. Making Reasonable Con.lectures . 

Up to noWj In our study of the geometry of the triangle, we 
have teen dealing only with conditions under which we can say that 
two segments are of equal length, or two angles are of equal 
measure. We will now proceed to study conditions under which we 
can say that one segment Is longer than another, (that Is, has a 
greater length), or one angle Is larger than another, (that Is, has 
a greater measure). 

We shall not start, however, by proving theorems. Let us 
start, rather, by making some reasonable conjectures about the 
sort of statements that ought to be true. (These statements 
should not be called theorems unless and until they are proved.) 

An example: Given a triangle with two sides of unequal 
length, what can we say about the angles opposite these sides? 

Notice that this problem Is naturally suggested by Theorem 
5-2, which says that If two sides of a triangle have the same 
length, then the angles opposite them, have the same measure. 

You can investigate this situation by sketching a triangle 
with two sides of obviously unequal lengths, like this: 


B 



Here BC Is greater than AB, and m L A Is greater than m Z. C. 
After sketching a few more triangles, you will become pretty well 
convinced that the following statement ought to be true: 

If two sides of a triangle are of unequal length , then the 
angles opposite them are of unequal measure , and the larger angle 
Is opposite the longer side . 

Now try the same sort of procedure with the following prob- 


lems . 
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Problem Set 7^1 

Here are some experiments for you to try. 

1. Consider triangles with two angles of unequal measure. Write 
a statement which you think may be true concerning the sides 
opposite those angles. 

2. Consider several triangles ABC. How does AB + BC compare 
with AC? BC + AC compare with AB? ab + AC compare with 
BC? These responses suggest a general conclusion. If you 
think this conclusion is true for all triangles ; write it as 
a proposition. 

3. Consider a quadrilateral RSTQ. How does RS + ST + TQ com- 
pare with RQ? Write a proposition suggested by your answer. 

4. Draw several triangles in which the measure of one angle is 
successively greater but the adjacent sides remain unchanged 
in length. What happens to the length of the third side? 

5. Draw A DEF and A XYZ such that DE = XY, PE = ZY, and 
mL DEP > m A XYZ , Compare DP and XZ . 

6. Regarding A PDQ, and A JHN such that m APDQ = mA JUNj 
PD > JU, and QD = HR, a hasty person might conclude that 
PQ > JN. Draw a figure showing that the conclusion is not 
Justified. 

7. A is a point in plane E, 
is a ray not lying in E, and 
AC is a ray lying in E. Con- 
sidering different positions 
of AC, describe as accurately 
as you can the position of AC 
which makes ABAC as small as possible; as large as possible. 
No proof is expected but you are asked to guess the answer on 
the basis of your knowledge of space. 
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8. On the basis of drawings decide whether or not an angle can be 
trisected by the following procedure: 

Let A ABC be an Isosceles triangle 
with congruent sides TE and TS. 

Trisect side BC with points D, 

E so that BD = BE = EC . 

Is L BAD = L DAE = L EAC? 



7-2. Algebra of Inequalities . 

Before considering geometric Inequalities we review some of 
the facts concerning Inequalities between real numbers. Note first 
that a < b and b > a are merely two ways of writing the same 
thing; we use whichever Is more convenient^ e.g. 3 < 5 or 5 > 3. 

Definitions . A real number. Is positive If It is greater than 
zero; It Is negative If It la less than zero. 

We now restate the order postulates, giving examples of their 


use . 


0-1. (Uniqueness of order.) For every x and y, one and 
only one of the following relations holds; x<y, x=y, x>y. 
0-2. (Transitivity of order.) If x < y and y < z, then 


X < z. 


Example 1 . 
Example 2. 

Example 3 , 

Given: 
To prove: 


3 < 5 and 5 < 9, hence, 3 < 9. 

If we know that a < 3 and b > 3, we can 
conclude that a' < b . Proof : If a < 3 
and 3 < b, then a < b. 

Any positive number Is greater than any 
negative number, 
p Is positive, n is negative, 
p > n. 


Proof ; 

1. p Is positive. 

2. p > 0. 


1 . Given . 

2. Definition of positive. 
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3. 

0 

< 

P- 

3. 

Relation between < and 

> 

4. 

n 

< 

0. 

4. 

Definition of negative . 


5. 

n 

< 

P. 

5. 

Postulate 0-2. 


6. 

P 

> 

n. 

6. 

Relation between < and 

> 


0-3. (Addition for Inequalities.) If x < y, then 
X + z < y + Zj for every z. 


Example 

4. 

Since 3 < 5 

i it follows that 3 + 2 < 5 + 2, 



or 

5 < 7; that 3 + (-3) < 5 + (-3), or 



0 < 

2; that 

3 + (-8) < 5 + (-8), or -5 < -3. 

Example 

5. 

If 

a < b then -b < -a. Proof: a + (-a-b)< 



b + 

(-a-b). 

or -b < -a. 

Example 

6. 

If 

a + b = 

c and b is positive, then 



a < 

C3 . 


Proof ; 


1 


1. 

b 

is positive. 

1 . Why? 

2. 

b 

> 0. 


2, Why’ 

3. 

0 

< b. 


3 . Wliy? 

4. 

a 

< a + 

b. 

4. Why? 

5. 

a 

< c . 


5. Why? 

Example 

7 

. If 

a + b < 

c then a < c - b. Proof left 


to the student . 

Example 8, If a < b, then c - a > c - b for every c. 


Proof left to the student. 

0-^. (Multiplication for Inequalities.) If x < y and 
z > 0, then xz < yz . 

Example 9- From 3 < 6 we can conclude that 3000 < 

6000; also, that • 3 < ■ 6, or -^ < 

Example 10. If x < y and z < 0, then xz > yz. 

Proof left to the student. 

0-5. (Addition of Inequalities.) If a < b and x < y, then 
a + X < b + y. 

This is not a postulate but a theorem; Its proof is given 
in Section 2-2, However, it is convenient to list It, for 
reference, along with the postulates. 
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7-3. The Basic Inequality Theorems . 

In the figure below, the angle L BCD Is called an exterior 
angle of A ABC , More precisely: 


B 



Definition . If C is between A and D, then L BCD is an 
exterior angle of A ABC . 

Every triangle has six exterior angles, as Indicatpd by the 
double-headed arrows in the figure below: 




These six angles form three pairs of congruent angles, because 
they form three pairs of vertical angles. 

Definition . A A and AB of the triangles are called the 

remote Interior angles of the exterior angles A BCD and A ACE, 
Similarly, A A and A C of A ABC are the remote interior 
angles of the exterior angles A ABF and A CBG. 

Theorem 7-1 . (The Exterior Angle Theorem. ) An exterior 
angle of a triangle Is larger than either remote Interior angle. 

Restatement: Note first that the two exterior angles at 

vertex C, above, have equal measures (vertical angles), and so it 



[sec. 7-3] 


i 



194 


doesn't matter which of them we compare with Lk andiLB. It 
turns out to be easiest to compare m L BCD with mZ. B and 
m L ace with mZ. A. Since the proofs of these two cases are 
exactly similar we need prove only one. 

Given triangle A ABC. If C la between A and D, then 
m L BCD > m A B. 



Proof: 


Statements Reasons 


1. 

Let E be the mid-point of BG. 

1. 

By Theorem 2-5 there Is 
such a mid-point . 

2. 

Let P be a point of the ray 
opposite to EK, such that 

EF = EA, 

2. 

By Theorem 2-4j therd Is 
such a point . 

3* 

L BEA = A FEC. 

3, 

Vertical angles are con- 
gruent . 


A BEA = A CEP. 

4. 

Statements 1^ 2, 3 and 
the S.A.S, Postulate. 

5. 

m A B = m A ECP. 

5. 

Corresponding parts of 
congruent triangles. 

6. 

m A BCD = m A EOF + m A PCD. 

6. 

Postulate 13 (The Angle 
Addition Postulate.) 

7. 

m A BCD = m A B + mA PCD. 

7. 

Statements 5 and 6, 

0. 

m A BCD > m A B. 

8. 

By algebra from step 7. 
(Since m A PCD is a 
positive number. Example 

6 of Section 7-2 applies.) 
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2. 


a . 


b. 


a . 


b. 


G . 


d. 


Problem Set 7-3a 


Name the remote interior 
angles of the exterior 
angle L ABE in the figure. 

L ABC and L BAG are the 
remote interior angles of 
which exterior angle? 

In the figure, which angles 
are exterior angles of the 
triangle‘s 

What is the relationship of 
m L DBG to m Z. A? Why? 

What is the relationship of 
m L DBG to m Z_ G? Why? 

What is the relationship of 
m L DBG to m Z. CBA? Why? 



Using the figure, complete the following: 


a . 

If 

X 

= 

IfO 

and 

y 

= 30, 

b. 

If 

X 

= 

72 

and 

y 

= 73, 


m L 

BCE 

- 




c . 

If 

y 


54 

and 

z 

= 68, 


m L 

BCE 



■ 


d. 

If 

m 

Z_ 

BCE = : 

112, 

then 

e . 

If 

m 

L 

BCE = 

150, 

then 

f , 

If 

X 

= 

25 

and 

z 

= 90, 


m L 

BCE 



.• 


g- 

If 

X 

= 

90 

and 

y 

= 90, 


m L 

BCE 






then m Z_ BCE > 
then 



then 
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4-. The accompanying figure is an 
illustration of this statement: 
An exterior angle of a quadri- 
lateral is greater than each of 
the remote interior angles. Is 
this a true statement? Explain 



♦5. Prove the following theorem: 

The sum of the measures of any 
two angles of a triangle is 
less than 18O. 

Given; A ABC with angle 
measures as in the 
figure . 

Prove; a + b < 100. 

b + c < 180. 

a + c < 180. 



*6. Prove the following theorem: The base angles of an Isosceles 
triangle are acute, (Hint: Base your proof on the statement 
of the previous problem.) 


Theorem 7-1 ^ while perhaps not very exciting in Itself, is 
extremely useful in proving other theorems. (A theorem of this 
type is sometimes called a lemma . ) For example, the following is 
a useful corollary. 

Corollary 7-1-1 . If a triangle has a right angle, then the 
other two angles are acute. 
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B 



A CD 

Proof: If m Z. A = 90j then m Z. BCD > 90, and therefore, 

m L BCA <90, In a similar way we can prove m L ABC < 90. 

We next use Theorem 7-1 to prove two more congruence theorems, 

Theorem 7-2 . (The S.A.A. Theorem) Given a correspondence 
between two triangles. If two angles and a side opposite one of 
them in one triangle are congruent to the corresponding parts of 
the second triangle, then the correspondence is a congruence. 

Restatement: Let ABC -^-^DEP be a correspondence between two 

triangles. If 

Lk=L D, 

Z.B = Z. E, 

and AC = DF, 

then A ABC = A DEP . 



Proof; 



Statements 



Reasons 

1. 

On AB take X so 
AX = DE. 

that 

1. 

Point Plotting Theorem, 

2 . 

A AXC = A DEP . 


2. 

S.A.S. Postulate. 

3. 

m L AXC = mA DEP. 


3. 

Definition of congruence 

4. 

m L AXC = m A ABC . 


4. 

Step 3 and given. 

Now 

suppose that X is 

not the ! 

same 

point as B. 
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5. Either X la between A 5. Step 1 and definition of ray, 

and B or B IB between 
A and X . 



6. In either case one of L AXC 6. Definition of exterior angle 

and ^ ABC la an exterior and remote interior angle, 

angle of A BXC and the 

other la a remote interior 
angle . 

7. m A AXC / m. L ABC. 7* Step 6 and Theorem 7-1. 

8. X = B. 8. Step 7 contradicts Step 4. 

9. A ABC = A DEP. 9. Steps 2 and 8, 

Although it was pointed out in connection with the S,A,S. 
Postulate that an S.S.A. theorem cannot in general be proved, 
there is one special case; namely, the case in which the angle is 
a right angle, that follows from Theorem 7-2. 

Theorem 7-3 . (The Hypotenuse-Leg Theorem. ) Given a corres- 
pondence between two right triangles. If the hypotenuse and one 
leg of one triangle are congruent to the corresponding parts of 
the second triangle, then the correspondence is a congruence, 

Restatement; In A ABC and A DEP let mAA = mA D=90. 
Let ABC > DEP be a correspondence such that 

BC = EP and AB = DE. 

Then A ABC = A DEP . 
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B E 




Proof: On the ray opposite to DF take Q such that 

DQ = AC. Then t DEQ =A ABC by the S.A.S, Postulate, and so 
EQ = BC. A EQP Is thus an isosceles triangle, and soAEQD =A EPD. 
In A DEQ, and A DEP we thus have 

EQ = EF, L EQD = L EPD and L EDQ = L EDP . 

Hence, by the S.A.A. Theorem, A DEP =A DEQ. Since we have already 
established A DEQ = A ABC we conclude that A DEP =A ABC, which 
is what we wanted. 


Problem Set 7-3b 

1, If in this figure AQ = BQ and 


3. 


Given that M I KF, I W, 
AB = HP, AK = HQ. 
Prove that KF = QB. 


If AX = PH in this figure, 
prove that FB = AB. 
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H. If two altitudes of a triangle are congruent, the triangle Is 
Isosceles , 

5. In this figure! Lc = /.a, 

AQ = AF. 

Prove : QB = PK . 


6, In this figure if ^ a = Z. c, 
aBJJH and l'S_LW, 
prove that AH = PH. 


Theorem 7-4 . If two sides of a triangle are not congruent, 
then the angles opposite these two sides are not congruent, and 
the larger angle Is opposite the longer side. 

Restatement : Given A ABC. If AB > AC, then mLC > mZ. B. 



Proof: Let D be a point of A?, such that AD = AB. 

(By the Point Plotting Theorem, there Is such a point.) Since the 
base angles of an Isosceles triangle are congruent, we have 
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(1) m L ABD = m/- D. 

Now AD > AC, since AD = AB and AB > AC, and so C Is between 
A and D by Theorem 2-1, By Theorem 6-6, C is In the Interior 
of ABD, and so 

(2) m L ABD = m Z. ABC + m Z. CBD 

by the Angle Addition Postulate. Since m Z. CBD >0 It follows 
that 

( 3 ) m Z. ABD > m Z. ABC . 

Therefore 

( 4 ) m Z. D > m Z. ABC , from ( 1 ) and ( 3 ) . 

Since L ACB Is an exterior angle of h BCD, we have 

(5) m Z. ACB > m Z. D. 

By (4-) and (5), 

mZ- ACB > m Z. ABC, 

that la, 

m Z. C > m Z. B, 

which was to be proved. 

Theorem 7-5 . If two angles of a triangle are not congruent, 
then the sides opposite them are not congruent, and the longer 
side la opposite the larger angle. 



Restatement: In any triangle A ABC, If m Z_ C > m Z. B, then 

AB > AC. 

Proof: We want to prove that AB > AC . Since AB and AC 
are numbers, there are only three possibilities: (l) AB = AC, 

( 2 ) AB < AG and (3) AB > AC . The method of the proof Is to show 
that the first two of these "possibilities" are in fact impossible 
The only remaining possibility will be (3), and this will mean 


[sec, 7-3] 



2oa 

that the theorem la true . 

(1) If AB = AG, then hy Theorem 5-2 it followa that 

L'B> = L C] and this is false. Therefore, it is impossible that 
AB = AC, 

(2) If AB < AC, then by Theorem 7~^ it follows that 

m L C < mL B; and this is false. Therefore, it is impossible 
that AB < AC. 

The only remaining possibility is that AB > AC, which was 
to be proved. 

The proof of Theorem 7-5 j as we have given it, is merely a 
handy way of stating an Indirect proof. It could have been 
written more formally, llKe this: 

"Suppose that Theorem 7-5 is false. Then either AB = AC or 
AB < AC . It is impossible that AB = AC, because .... And it 
is impossible that AB < AC, because .... Therefore, 7-5 is 
not false." 

The proof is probably easier to read, however, the way we 
gave it the first time. We will be using the same sort of scheme 
again. That is, we will list the possibilities, in a given situ- 
ation, and then show that all but one of these "possibilities" are 
in fact impossible j it will then follow that the last remaining 
possibility must represent what actually happens. 

"That process starts upon' the supposition that when you have 
eliminated all which is impossible, then whatever remains, however 
improbable, must be the truth." (Sherlock Holmes in "The Adventure 
of the Blanched Soldier" , ) 

Theorems 7-^ and 7-5 are related in a special way; they are 
called converses of one another. To get one from the other, we 
interchange the hypothesis and the conclusion. We can exhibit 
this fact by restating the theorems this way; 

Theorem 7-^ . Given A ABC. If AB > AC, then m A C > m A B. 

Theorem 7-5 . Given A ABC, If m A C > m A B, then AB > AC . 

We have seen lots Of pairs of theorems that are related this 
way. For example, we showed that If a triangle is Isosceles, then 
its base angles are congruent, and later we showed that if the 
base angles of a triangle are congruent, then the triangle Is 
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Isosceles. Each of these theorems Is the converse of the other. 

We showed that every equilateral triangle is equiangular; and 
later we proved the converse, which states that every equiangular 
triangle Is equilateral. 

It Is very Important to remember that the converse of a true 
theorem is not necessarily true at all. For example, the theorem 
"yertloal angles are congruent" Is always true, but the converse, 
"congruent angles are vertical" Is certainly not true in all cases. 
If two triangles are congruent, then they have the same area, but 
If two triangles have the same area, it does not follow that they 

p p 

are congruent. If x = y, then It follows that x = y ; but if 
2 2 

X = y , it does not follow that x = y. (The other possibility 
is that X = -y. ) It is true that every physicist is a scientist, 
but it is not true that every scientist is a physicist. 

If a theorem and its converse are both true, they can be con- 
veniently combined into a single statement by using the phrase "if 
and only if". Thus, if we say: 

Two angles of a triangle are congruent if and only if the 
opposite sides are congruent; 

we are Including in one statement both theorems on isosceles tri- 
angles. The first half of this double statement: 

Two angles of a 'triangle are congruent if the opposite sides 
are congruent; 

is Theorem 5-2; and the second half: 

Two angles of a triangle are congruent only if the opposite 
sides are congruent; 
is a restatement of Theorem 5-5. 


Problem Set 7-30 

~ t 

1. In AGHK, oh = 5, HK = l4, KG = 11. Name the largest angle. 
Name the smallest angle. 

2. In A ABC, m A A = 36, m Z. B = 7^, and m A C = 70. Name the 
longest side. Name the shortest side. 
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3. 


Given the figure with HA = HB, 
m.L HBK = l40, and m Z. AHB = 100, 
fill in the blanks below: 

a, mZ.A = , 

b. m Z, RHB = . 

0 , is the longest side 



of A ABH. 


5. 


6 . 


What conclusion can you reach about the length of ME in 


A KLM if! 


a. 

m 

A 

K 

> 

m 

A 

M7 


b. 

m 

A 

K 

< 

m 

A 

L7 


c , 

m 

A 

M 

> 

m 

A 

K > 

■ mA L? 

d. 

m 

A 

M 

> 

m 

A 

L? 


e , 

m 

A 

K 

> 

m 

A 

M 

and 


m 

A 

K 

> 

m 

A 

L? 


f. 

m 

A 

K 


m 

L 

L 

and 


m 

A 

M 

1 

m 

A 

L? 



If the figure were correctly 
drawn which segment would be 
the longest? 



C 


Name the sides of the figure 
in order of increasing length. 



7. If in the figure is the 

shortest side and CB is the 
longest side, prove that 
mA P > mA ?. (Hint: use 
diagonal ) 
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*8. If the base of an isosceles triangle is extendedj a segment 
.which Joins the vertex of the triangle with any point in this 
extension is greater than one of the congruent sides of the 
triangle . 



9. Write the converse of each statement. Try to decide whether 
each statement, and each converse, is true or false, 

a. If a team has some spirit, it can win some games. 

b. If two angles are right angles, they are congruent. 

0 . Any two congruent angles are supplementary. 

d. The interior of an angle is the intersection of two 
half-planes . 

e. If Joe has scarlet fever, he is seriously ill.' 

f. If a man lives in Cleveland, Ohio, he lives in Ohio. 

g. If the three angles of one triangle are congruent to the 
corresponding angles of another triangle, the triangles 
are congruent . 

h. If two angles are complementary, the sum of their measures 
is 90. 

10, When asked to give the converse of this statement, "If I hold 
a lighted match too long, I will be burned", John said, "I 
will be burned if I hold a lighted match too long." Was 
John's sentence the converse of the original statement? 
Discuss . 

11. a. Is a converse of a true statement always true? Which 

parts of Problem 9 Illustrate your answer? 
b. May a converse of a false statement be true? Which parts 
of Problem 9 Illustrate your answer? 

r sec. 7-31 
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Theorem 7-6 . The shortest segment Joining a point to a line 
is the perpendicular segment. 


P 



Restatement ! Let Q be the foot of the perpendicular to 
the line L through the point P, and let R be any other point 
on L. Then PQ < PR. 

Proof: Let S be a point of L^ such that Q is between 
S and R. Then L PQS is an exterior angle of A PQR. Therefore, 
mA PQS > mL PRO,. But mA PQS = mA PQR = 90, and so m A PQR > 
mA PRQ. By Theorem 7-5 it follows that PQ < PR, which was to be 
proved, 

Definition . The distance between a line and a point not on 
it is the length of the perpendicular segment from the point to the 
line. The distance between a line and a point on the line is de- 
fined to be zero . 

Theorem 7-7 ■ (The Triangle Inequality.) The sum of the 
lengths of any two sides of a triangle is greater than the length 
of the third side. 

Restatement : In any triangle A ABC, we have AB + BC > AC. 
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Proof: Let D be a point of the ray opposite to BC such 
that DB = AB. Since B la between C and D 

DC - DB + BC. 

Then (l) DC = AB + BC. 

Also (2) m L DAB < m Z. DAC, 

because B Is in the interior of L DAC, 

Since L DAB is isosceles, with AB = DB, it follows that 

(3) m L ADB = m L DAB. 

By (2) and (3) we have 

m L ADB < m Z. DAC . 

Applying Theorem 7-5 to A ADO, we see that 

(4) DC > AC. 

By (l) and (4) it follows that 

AB + BC > AC, 

Which was to be proved. 



A 
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2, With angle measures as shown 
in the figure, insert HA, HF, 
HB helow In correct order, 

< < . 

State theorems to support 
your conclusion. 


H 



3. Suppose that you wish to draw a triangle with 5 as the length 

of one side and 8 as the length of a second aide, Your third 

side must have a length greater than , and less than 

4. Suppose that you wish to draw a triangle with J as the 

length of one aide and k as the length of a second side. 

It is known that J < k. Indicate, as efficiently as you can 
the restrictions dn the length, x, of the third side, 

5. Prove that the sum of the lengths 
of the diagonals of this quadri- 
lateral is less than the sum of 
the lengths of its sides. 

D 

Given: Quadrilateral ABCD. 

To prove: DB + CA < AB + BC + CD' + DA. 

*6. Let A, B, C, be points, not necessarily different. Prove 
that AB + BC > AC and that AB + BC = AC if and only if 
B is on the segment AU, 
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*7. Prove that the shortest polygonal path from one point to 
another is the segment joining them. 


An 


Given: n points A^, A^. 

Prove: + A^AjP p > A^A„. 

*8, Given two segments W and 15 intersecting at P. 

D C 


A 

Prove that if X Is any point in the plane of ABCD other 

than P, then XA 4- XB + XC + XD > PA + PB + PC + PD. 

Will this result be true if X is not in the plane of AECD7 

*9. Given a line m and two points P, Q on the same side of m. 

Find the point R on m for which PR + RQ is as small as 
possible , 
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We will now prove a theorem vfrilch is a little like Theorem 7-5, 
except that it deals with two triangles instead of one , 

Theorem 7-B . If two aides of one triangle are congruent 
respectively to two aides of a second triangle, and the included 
angle of the first triangle is larger than the included angle of 
the second, then the opposite aide of the first triangle is longer 
than the opposite side of the second. 

Restatement ! Given A ABC and A DEP. If AB = DE, AC = DF 
and mA A > m A D, then BC > EP. 



Proof: Step 1. We construct A AKC, with K in the interior 
of A BAG, such that A AKC = A DEP, like this: 

B 



To do this, we use the Angle Construction Postulate, to get a ray 
A^, with Q ■ on the same side of AG as B such that A QAC SAD, 
,0n we take a point K such that AK = DE. By the S.A.S. 

Postulate, we now" have A AKC = A DEP, which is what we wanted. 
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Step 2 . Now we 
the bisector crosses 


bisect L BAK, and let 
Sc, like this: 


M be the, point where 


B 



The marks on the figure indicate that AK = AB, and this is true, 
because AK = DE and DE = AB. 

VJe are now almost done. By the S.A.S. Postulate, we have 
A ABM = A AKM, Therefore, MB = MK. By Theorem 7-7 » we know that 

CK < CM + MK. 

Therefore , 

CK < CM + MB, 

because MB == MK, Since CK = EP and CM + MB = BC, we get 
EF < BC, which is what we wanted. 

The converse of this theorem is also true. 

Theorem 7-9 - If two sides of one triangle are congruent 
respectively to two aides of a second triangle, and the third side 
of the first triangle is longer than the third side of the second, 
then the included angle of the first triangle is larger than the 
Included angle of the second. 

The proof is similar to that of Theorem 7-5, use being made 
of Theorem 7-6 and the S.S.S. Theorem to eliminate the two unwanted 
cases. The student should fill in the details. 
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Problem Set 7~3e 


1 . 


2 . 


State the combination, of Theorems 7-8 and 7-9 in the "if and 
only if" form, 

B 

In this figure AC = BC, 
and BD < AD. 

Prove; m L x > m f. y . 

A 



3. 


In isosceles triangle RAP with 
RA a RF and B a point on W 
such that m L ARB < m BFIF. 
Prove: AB < BF. 



4. Given A ABF with median ® 
and m L ARB = 80, 

Prove : m A A > m A F. 


F 



5. In A ABC, BC > AC and Q Is the midpoint of AB. Is A CQA 
obtuse or acute"’ Explain. 
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6 , In this figure FH = AQ, 
AH > FQ. 

Prove: AB > FB, 



7 . A non-equllateral quadrilateral has two pairs of congruent 
adjacent sides. Prove that the measure of the angle Included 
■between the smaller sides Is greater than the measure of the 
angle between the larger sides. 


0. Prove the following theorem: 

If a median of a triangle Is 
not perpendicular to the side 
to which It is drawn, then the 
lengths of the other two sides 
of the triangle are unequal. 

9 . Given AB > AC and FC = DB 
In this figure. Prove that 
FB > CD. 



C 
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7-4, Altitudes . 

Definition . An altitude of a triangle Is the perpendicular 
segment joining a vertex of the triangle to the line that contains 
the opposite side. 



In the figure 115 is called the altitude from B ^ or 
simply the altitude from B. (Notice that we say the altitude 
from B instead of an altitude from B, because Theorem 6-3 tells 
us that there is only one.) 

Notice that the foot of the perpendicular does not necessarily 
lie on the side TS of the triangle. The figure may look like 
this; 


B 
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Notice also that every triangle has three altitudes, 
of the three vertices, like this: 



one from each 


Here TTF Is the altitude from A, BD Is the altitude from B 
and ^ Is the altitude from C. 

It is customary to use the same word "altitude" for two 
other different, but related, concepts. 

(1) The number which Is the length of the perpendicular seg- 
ment is called altitude ; thus one may say "The altitude from B 
is 6", meaning that BD = 6. 

(2) The line containing the perpendicular segment la also 
called altitude ; a property of the above figure can be expressed 
by saying that the three altitudes of the triangle Intersect In 
one point. (This property is true for all triangles and will be 
proved In Chapter l4.) 

This triple use of the one word could cause trouble but gen- 
erally does not, since it Is usually easy to tell In any particular 
case which usage Is being made . 


Problem Set 7-4 

1. Define: a. Altitude of a triangle. 

b. Median of a triangle. 

2. Draw an obtuse triangle (a triangle having an obtuse angle) 
and Its three altitudes. 
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3. In an equilateral triangle a median and an altitude are drawn 
to the same side. Compare the lengths of these two segments. 

4. Prove that the perimeter of a triangle is greater than the 
sum of the three altitudes. 

5. Prove the following theorem: The altitudes of an equilateral 
triangle are congruent . 

Review Problems 

1. Three guy wires of equal length are being used to support a 
newly planted tree on level ground. If they are all fastened 
to the tree at the same height on the tree, will they be 
pegged to the ground at equal distances from the foot of the 
tree? Why? 

2, If this figure were drawn 
correctly, which segment in 
the figure would be the shortest? 

Explain your reasoning. 

C E 

Prove the following theorem: 

If two oblique (not perpendicular) line segments are 
drawn to a line from a point on a perpendicular to that line, 
the one containing the point more remote from the foot of the 
perpendicular is the longer. 

In this planar figure, 

AK = HQ, AF = HB, 

Prove LQl ^ L K. 

Does K5 bisect W? 


Q H 



3. 


4 . 
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5. In A ABC, AG > AB. Prove that any line segment from A to a 
point on BC between B and C is shorter than AC. 

6. Segments drawn from a point in the Interior of a triangle to 
the three vertices have lengths r, s, t. Prove that 

r + s + t is greater than half the perimeter of the triangle. 

7 . In this planar figure W la 
the shortest side and Te Is 
the longest side. Prove 
m A F > m A A. 



0 . 

*9. 


* 10 . 


Prove the following theorem: The length of the longest side 


of the triangle Is less than half 

Given isosceles A ABF with 
FA - FB, AB < AF, and H on 
AF, so that F is between A 
and H. Prove no two aides of 
A ABH are equal in length. 



On the basis of the assumptions we have accepted and the 
theorems we have proved in this course we are not able at 
present to prove that the sum of the measures of the three 
angles of a triangle is l80 (an idea with which you have been 
familiar for some time). But, we can easily construct a tri- 
angle and prove that the sum of the measures of the angles of 


this triangle is less than l8l. 
Let A FCG have measure 1 (Angle 
Construction Postulate) . On CF 
and CG take points A and B 



so that CA = CB (Point Plotting Theorem) . 


Why la the sum of the measures of the angles of this triangle 


less than l8l9 
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* 11 . 

* 12 . 


The sum of the measures of the three angles of a triangle Is 
leas than 270. 


In this figure: 

LC is a right angle, 
m Z. B = 2m Z. A. 

Prove: AB = 2 CB. 

(Hint: Introduce auxiliary 
segments . ) 


A 



*13. Prove this theorem: The sum of the distances from a point 
vflthin a triangle to the ends of one side is leas than the 
sum of the lengths of the other two sides . 

*l4, Suppose AC intersects BD at a point B between A and C, 
Perpendiculars are dropped from A and C to BD striking 
it at P and Q respectively. Show that P and Q are not 
on the same side of B. 



Chapter 8 

PERPENDICULAR LINES AND PLANES IN SPACE 
0 - 1 . The Basic Definition . 

In this chapter we ahall be specifically concerned with prop- 
erties of figures that do not lie in a single plane. The funda- 
mental properties of such figures are stated in Postulates 5 b, 6 , 
7 , 8 and 10, and In Theorems 3-2, 3-3 and 3-4. It would be worth 
your while to review these. 

Definition . A line and a plane are perpendicular if they 
intersect and if every line lying in the plane and passing through 
the point of Intersection is perpendicular to the given line. 


L 



If line L and plane E are perpendicular we write lJ[E or Ej_L. 

We have indicated, in the figure, three lines In E passing 
through P. Notice that in a perspective drawing, perpendicular 
lines don't necessarily look perpendicular. Notice also that If 
we merely required that E contain o^ line through P perpendicular 
to L, this would mean very little; you can fairly easily convince 
yourself that every plane through P contains such a line. 
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Problem Set 8-1 

1. The figure at the right 
represents plane E. 

a. Do any points outside the 
quadrilateral shown 
belong to plane E ? 

b. Is plane E Intended to Include 
every point outside the quadri- 
lateral? 

2. a. Sketch a plane perpendicular to a vertical line. (See 

Appendix V . ) 

b. Sketch a plane perpendicular to a horizontal line. 

c. Does each of your sketches represent a line perpendicular 
to a plane? 

3. a. Repeat the sketch of Problem 2b. Add to the sketch three 

lines in the plane which pass through the point of inter- 
section. What is the relationship between each of the 
three lines and the original line? 

4. Reread the definition of perpendicularity between a line and 
a plane and decide whether the following statement is true if 
that definition is accepted: 

"if a line is perpendicular to a plane, then it la perpen- 
dicular to every line lying in the plane and passing through 
the point of intersection." 

5. Given that B, R, S and T are 
in plane E, and that AB E, 
which of the following angles 
must be right angles: 

L ABR, L ABS, L RBT, L TBA, 

L SBR? 
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6 . If Z. PQH is a right angle and Q 
and H are in E, should you Infer 
from the definition of a line and 
a plane perpendicular that PQ J_ E? 
Why or why not? 



7 . In the figure plane E contains' 
points R, S, and Py tut not T. 
a. Do points R, S and T determine 
a plane? 

t. If SP is perpendicular to the 
plane of Rj S and T, which 
angles in the figure must te 
right angles? 





8 , a. If a point is equidistant from each of two other points, 
are the three points coplanar? 

b. If two points are each equidistant from each of two other 
points, are the four points coplanar? 


* 9 . a. Given: 

Colllnear points A, B and X 
as in the figure j B equidis- 
tant from P and Q; and A 
equidistant from P and Q. 
Prove; X is equidistant 
from P and Q. 

b. Does the proof require that 
Q be in the plane of A, B, X 
and P? 



10. Look ahead to Theorem 8-1 and make a model for it from sticks, 
wire coat hangers, or straws. 
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The Basic Theorem . 

The basic theorem on perpendicularity in space says that If a 
plane E contains two lines, each perpendicular to a line L at the 
same point of L, then L _[ E. The proof of this Is easier If we 
prove two preliminary theorems (lemmas). 

Theorem 8-1 , If each of two points of a line Is equidistant 
from two given points, then every point of the line is equidistant 
from the given points. 



Restatement: If P and Q are two points and L Is a line such 
that two points A, B of L are each equidistant from P and Q, then 
every point X of L is equidistant from P and Q. (The above figure 
snows three possible positions for X. Of course, X might be at 
A or B. ) 

Proof: First we consider the case where X Is on the same 
side of A as B. X might be at X^, B, or X^ but for convenience 
In the figure we show It beyond B at X^. In this case ^ PAB =Z.PAX 
and L QAB = L Q,AX, We treat this case in 3 steps. 
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1. Since AP = AQ, (given), BP = EQ (given), and AB = AB (identity) 

AABP=A ABQ (S.S.S.). Hence, A PAB = A QAB. 

2. A PAX = A QAX, Thla Is because A PAB = A QAB by Step 1. 

(We are considering the case where A PAX = A PAB and 

A QAX = A QAB.) 

3. Using Step 2 and the facts that AP = AQ (given), and AX = AX 
(identity) we find that A PAX = A QAX (S.A.S). Hence PX = QX. 

The case where X lies on the ray opposite AB is proved in a 
similar fashion. 
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Problem Set 8-2a 

1. A piece of paper AXEQ, as 

pictured here, is folded along 
Imagine A and B as both 
being in the foreground of the 
picture and ^ in the background. 
Under these conditions will a 
point K of ^ be equidistant 
from A and B? State a theorem 
to support your answer. If 
AF =6, BF = 



2. Here imagine plane AXB obscur- 
ing part of plane AYB. It is 
given that XA = XB and YA = YB. 
Tj W and Z are three other 
points of xy. Does TA = TB? 
Does WA = WB? Does ZA = ZB? 
State a theorem that supports 
each conclusion. 
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Theorem 8- 2. If each of three non-collinear points of a 
plane is equidistant from two polntsj then every point of the 
plane is equidistant from these two points. 

Given: Three non-collinear 
points A, B and C each equi- 
distant from P and Q. 

Prove : Every point of the 

plane determined by A, B and 

C is equidistant from P and Q. *0 



1 . 


Proof: The proof is given In three steps. 

• P 


Since A and B are each given 

equidistant from P and Q, each 

< > 

point of AB is equidistant from 
P and Q, This follows from 
Theorem 0-1 . Similarly each 
point of BC is equidistant from 



P and Q. 


2 , 


Let X be any other point of the 
plane , If X is on either AB or 
Sb, X is equidistant from P and 
Q by Step 1. If X is on one 

K > 

side of BC, choose Y, some point 
of ^ on the other side of a. 
The Plane Separation Postulate 
assures us that there Is such a 



point Y and that XY will inter- 

^ ^ 

sect CB in some point Z. 

Since Z la on CB It Is equi- 
distant from P a nd^ Q by Step 1. 
Since Y is on AB it is equi- 
distant from P and Q by Step 1. 
Therefore by Theorem 8-1 every 

point of YZ la equidistant from 
points . 



•Q 


P and Q. X Is one of these 
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Since we have shown that each point X of the plane determined 
by A, B, C is equidistant from P and ft, Theorem 8-2 is established. 

We are now ready to prove the basic theorem. 

Theorem 6-3 . If a line is perpendicular to each of two inter- 
secting lines at their point of intersection, then it is perpen- 
dicular to the plane of these lines. 

Restatement: Let and Lg be lines in plane E intersecting 
at A and let L be a line through A perpendicular to and 
Then any line in E through A is perpendicular to L. 



Proof: 


Statement 


1, Let P be a point on L, 

a point on L^, Bg a 

point on L^, and a point 
on Lg, none of these points 
coinciding with A, 

2. Let ft be the mint on the ray 
opposite to AF such that 
Aft = AP, 

3, In the plane containing L and 
L^, L^ is the perpendicular 

bisector of p5. 

4. B^ la equidistant from P 
and ft. 


1 . 


2 . 


Reason 


By the Ruler Postulate, each 
of these lines has an 
infinite number of points. 


Point Plotting Theorem. 


Definition of perpendicular 
bisector (Section 6-3). 


Theorem 6-2. 
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5. 

6 . 
7- 

8 . 

9. 

10 . 


is ' equidistant from P and 

Q. 

A Is equidistant from P and Q,.| 

la equidistant from P 
and 0,. 

In the plane containing L 
and L^j Is the perpen- 
dicular bisector of P^. 

LIL3. 

L 1 E. 


5 . Similar to 3 and 4. 


6. Step 2. 

7 . Steps 4, 5 and 6j and 
Theorem 8-2. 

8. Theorem 6-2, 


9 . Definition of perpendicular 
bisector. 

10. Definition of perpendicular- 
ity of line and plane, slnc< 
is any line in E through 

A, 


Problem Set 8-2b 

1. Suppose A, B and C are each 
equidistant from P and Q. 

Explain in terms of a defi- 
nition or theorem Why each 
point X of plane ABC is equi- 
distant from P and Q. 

2. Explain the relationship between the line of Intersection L of 
two walls of your classroom and the plane of the floor. How 
many lines perpendicular to L . could be drawn on the floor? 

Is L perpendicular to every line that could be drawn on the 
floor? 
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Figure PHHB la a square. AB J_ FB. A Is not In plane PHHB. 

a, How many planes are determined by pairs of segments in 
the figure? Name them. 

b. At least one of the segments In this figure is perpendicular 
to one of the planes asked for In Part (a). Which segment? 
Which plane? A systematic approach to such a problem Is 

to write dovm every pair of perpendicular segments you see 
in the figure. Then you can observe whether you have one 
line perpendicular to two Intersecting lines. 



A ABF Is Isosceles with B as vertex, AH = FH. M J_ Tffi, 

R Is not In plane AFB, 

a. How many different planes are determined by the segments 
In the figure? Name them. 

b. Do you find a segment that Is perpendicular to a plane? 
If so, tell what segment and what plane and prove your 
statement . 
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5. In this figure, FB J_ plane P, and In A RAB, which lies In 
plane P, BR = BA. Prove A ABF = A RBF and L FAR = A FRA. 
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*6. Given the cube shown, with BR = BL, Does KR = KL? Prove that 
your answer la correct. 



(Since we have not yet given a precise definition of a cube 
we state here, for use In your proof, the essential properties 
of the edges of a cube; 

The edges of a cube consist of twelve congruent segments, 
related as shown In the picture, such that any two Intersecting 
segments are perpendicular.) 
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T- In the accompanying figure VIX Is a line In plane E. Plane P J_ 
at 0,. In plane F, ^ ^ is the intersection of E 

and P. Prove RO J_ E. 



For all vfe know up to now the conditions specified in the 
definition of a line and a plane perpendicular might be impossible 
to achieve. To reassure us, we need an existence theorem. The 
next theorem enables us to see that we are not talking about things 
that cannot exist in speaking of perpendicularity between lines and 
planes . 
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Theorem 8-4 . Through a given point on a given line there 
passes a plane perpendicular to the line. 



Proof: Let P he a point on a line L. We show in six steps 

that there is a plane E through P perpendicular to L. 

1. Let R be a point not on L. That there is such a point 
follows from Postulate 5a. 

2. Let M he the plane determined hy L and R, Theorem 3-3 
tells us there is such a plane. 

3. Let Q he a point not on M. Postulate 5h assures us that 
there is such a point. 

4-. Let N be the plane determined by L and Q. 

5. In plane M there is a line perpendicular to L at P 
(Theorem 6-1 )j and in plane N there is a line Lg perpen- 
dicular to L at P. 

6, By Theorem 8-3, the plane E determined by and L^ Is 
perpendicular to L at P. 

If E _L L at P then every line in E and through P is perpendic- 
ular to L, by definition. May there be some lines not in E but 
still perpendicular to L at P? The next theorem says, "No". 

Theorem 6-5 . If a line and a plane are perpendicular, then 
the plane contains every line perpendicular to the given line at 
its point of intersection with the given plane. 

Restatement: If line L is perpendicular to plane E at point 

P, and if M is a line perpendicular to L at P, then M lies in E. 
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Proof : 

Statements 



Reasons 

1. 

L and M 

determine a plane 

P. 

1. 

Theorem 3-4 . 

2. 

Planes 
a line 

F and E intersect in 

N. 

2. 

Postulate B, 

3. 

N 1 L. 



3. 

1 

Definition of perpendicu- 
larity of line and plane . 

4. 

M 1 L. 



4. 

Given. 

5. 

M = N. 
are the 

(This means M and 

1 same line . ) 

N 

5. 

M and N both lie in plane P 
by Steps 1 and 2, are both 

J_ L by Steps 3 and 4, but 
Theorem 6-1 says there is 
only one such perpendicular. 

6 , 

M lies 

in E . 


6. 

M = N by step's and N lies 
in E by Step 2. 


This theorem enables us to prove the uniqueness theorem that 
goes vflth Theorem 8-4. 

Theorem 8-6 . Through a given point on a given line there is 
at most one plane perpendicular to the line . 

Proof: Since a perpendicular plane contains all perpendicular 

lines through the point, and since two different planes have only 
one line In common (Theorem 3-4), there cannot be two such planes. 

Just as In a plane where the characterization Theorem 6-2 
followed the existence and uniqueness Theorem 6-1, so now we can 
prove a similar characterization theorem for space. 

Theorem 8-7 . The perpendicular bisecting plane of a segment 
Is the set of all points equidistant from the end-points of the 
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segment. Note that this theorem, like Theorem 6-2, has two parts. 

Restatement: Let E be the perpendicular bisecting plane of 

AB. Let C be the mid-point of AB. Then 

(1) If P is in E, then PA = PB, and 

(2) If PA = PB, then P is in E. 

The proof is left to the student. 


Problem Set 8-2c 


1. a. At a point on a line how many lines are perpendicular to 
the line'’ 

b. At a point on a line how many planes are perpendicular to 
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point M, there la at least one line L' In E such that L' J_ L. 


The next theorem Is a lemma -which Is useful In proving later 
theorems . 

Theorem 8-8 . Two lines perpendicular to the same plane are 
coplanar . 

Proof; Let lines and he perpendicular to plane E at 
the points A and B respectively. Let M he the mla-polnt of ABj 
let L he the line In E which is the perpendicular bisector of "KB, 
and let P and Q be two points on L such that PM = QM. Let C be 
a point on L^ distinct from A. 
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1 . By the S.A.S. Postulate, A AMP = A AMQ,, and so AP = AQ. 

2. Since J_ E, L CAP and L CAQ are right angles, and the S.A.S. 
Postulate gives A CAP = A CAQ, so that CP = CQ. 

3. From AP = AQ and CP = CQ It follows, hy Theorem 8-7, that C 

and A both lie in the bisecting plane E' of Hence, lies 

in E' . 

4. In exactly the same way we prove that lies in E', Hence, 

and are coplanar. 


8-3. Existence and Uniqueness Theorems . 

The following theorems cover all possible relations between 
a point, a line and a perpendicular plane. They are stated here 
for completeness and for convenience in reference. 

Theorem 8-9 . Through a given point there passes one and only 
one plane perpendicular to a given line . 

Theorem 8-10 . Through a glvei point there passes one and only 
one line perpendicular to a given plane . 

The proof of each of these theorems has two cases, depending 
on whether or not the given point lies on the given line or plane, 
and each case has two parts, one for proving existence and one for 
proving uniqueness. This makes a total of eight proofs required. 
Theorems 8-'4 and 8-6 are two of these eight; the remaining six, 
some of which are hard and some easy, are given in Appendix VI. 

Theorem 8-10 assures us of the existence of a unique perpen- 
dicular to a given plane from an external point. Hence, we are 
Justified in giving the following definition, analogous to the one 
following Theorem 7-6. 

Definition . The distance to a plane from an external point is 
the length of the perpendicular segment from the point to the plane. 

Theorem 8-11 . The shortest segment to a plane from an ex- 
ternal point is the perpendicular segment. 

The proof is similar to that of Theorem 7-6. 
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Review Problems 


Use a drawing If necessary to help you decide whether each 
statement Is true or false, 

a. The Intersection of two planes may be a segment, 

b. If a line Intersects a plane in only one point, there are 
at least two lines In the plane perpendicular to the line, 

c’. For any four points, there is a plane containing them all. 

d. If three lines Intersect In pairs, but no point belongs 
to all three, the lines are coplanar. 

e. It is possible for three lines to intersect in a point, so 
that each Is perpendicular to the other two . 

f. Only one line can be drawn perpendicular to a given line 
at a given point. 

g. At a point In a plane there Is only one line perpendicular 
to the plane. 

h. The greatest number of regions Into which three planes can 
separate space is eight. 

From a point R outside plane E, HE E and rE Intersects the 
plane in B. M Is any other segment from R, Intersecting E 
In A, Compare the lengths HH and HE. Compare the measures 
of ^ A and L B. 



If the goal posts at one end of a football field are perpen- 
dicular, to the ground, then they are coplanar even without a 
brace between them. Which theorem supports this conclusion? 
Can the goal posts still be coplanar even If they are not 
perpendicular to the ground? Could they fall to be coplanar 
even with a brace between them? 
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4. Do there always exist 

a. two lines perpendicular to a given line at a given point 
on the line? 

b. two planes perpendicular to a given line at a given point 
’ on the line? 

c. two lines perpendicular to a given plane at a given point 
on the plane? 

d. two planes perpendicular to a given line? 

e . two Intersecting lines each perpendicular to a given plane 

5. The assumption that two lines 

and Lg are perpendicular 
to plane E and and Lg Inter- 
sect In point P not In plane E 
can be shown to be false by 
proving that the assumption 
leads to a contradiction of a 
theorem about; figures In a 
plane . Which theorem? 

6. Given MQ plane E, and WF _L 
to plane E, How many different 
planes are determined by 
MW, WF and QF? Explain, 

7. 


A ABF Is Isosceles with vertex at B. HF = HA. RH J_ 

R is not in the plane AFB. 

a. How many different planes are determined by the segments 
in the figure? Explain. 

b. Locate and describe a line that Is perpendicular to a 
plane . 
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8. Given: P is in plane E which 
contains k, B, C; P is equi- 
distant from A, Bj C; line L J[ E 
at P. 

Prove: Every point, X, in L la 
equidistant from A, B, C. 



9, Given: Line L J[ plane ABC at 
Qj point P of L is equidistant 
from A, B, C. 

Prove: Every point of L is 
equidistant from A, B, C. 

(Hint: Consider any point 
X ^ Q on L and show XA = XB ^ XC. ) 



10. Given: IF and IF _[ 

F5 1 S at Q. 

Prove; 15 1 

(Hint: Take R on QC so that 
QB = OR. Draw FB, W.) 


A 


C 
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11. Prove the following theorem: If from a point A outside a 
plane, a perpendicular AB and oblique (non-perpendicular) 
segments AF and M are drawn, meeting the plane at unequal 
distances from B, the segment which meets the plane at the 
greater distance from B has the greater length. 



Given; AB J_ plane E. F and 
H are points of E such that 
BF > BH. 

Prove: AF > AH. 


12 . 

13. 


Prove that each of four rays AB, AC, AD and AE cannot be 
perpendicular to the other three. 


Given: XB and YB are two lines in plane E; m is a plane I XB 
at B; n is a plane YB at B; AB is the intersection of m and 


n. 

Prove; AB E. 





Chapter 9 

PARALLEL LINES IN A PLANE 


9-1. Conditions Which Guarantee Parallelism . 

Thus far In our geometry we have been mainly concerned with 
what happens when lines and planes intersect in certain ways. We 
are now going to see what happens when they do not Intersect. It 
will turn out that many more interesting things can be proved. 

We first consider the case of two lines. Theorem 3-3 gives 
us some Information right away, since it says that if two lines 
intersect they lie in a plane. Hence, if two lines are not 
coplanar they cannot intersect. 

Definition : Two lines which are not coplanar are said to be 

skew . 

You can easily find examples of skew lines In your classroom. 

This still leaves open the question as to whether two 
coplanar lines must always Intersect. In Theorem 9-2 we shall 
prove the existence of coplanar lines that do not intersect, but 
are parallel, like this: 




Let us first make a precise definition. 

Definition : Two lines are parallel if they are coplanar and 
do not Intersect. 

Note that for two lines to be parallel two conditions must be 
satisfied; they must not intersect j they must both lie in the 
same plane. 
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Theorem 9-1 . Two parallel lines lie in exactly one plane. 

Proof: If and Lg are parallel lines it follows from 

the above definition that there is a plane E containing and 

Lg. If P is any point of Lg It follows from Theorem 3-3 that 
there is only one plane containing and P. Hence ^ E la the 

only plane containing and Lg. 

We will uae the abbreviation |1 Lg to mean that the 
lines and Lg are parallel . As a matter of convenience 

we will say that two segments are parallel If the lines that 
contain them are parallel. We will speak similarly of a line and 
a segment, or a line and ray, and so on. For example, suppose we 
have given that || Lg, in the figure below: 


A B 


L, 


Then we can also write AB || CD, AB || Lg, L^ |1 CD, BA || CD, 
and so on. Each of these statements is equivalent to the state- 
ment that L^ II Lg . 

It does not seem easy to tell from the definition whether 
two lines which seem to be parallel really are parallel. Every 
line stretches out infinitely far in two directions, and to tell 
whether two lines do not intersect, we would have to look at all 
of each of the two lines. There is a simple condition, however, 
which is sufficient to guarantee that two lines are parallel . It 
goes like this : 

Theorem 9-2 ■ Two lines in a plane are parallel if they are 
both perpendicular to' the same line. 


[sec. 9-lJ 
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Proof: Suppose that and Lg are two lines in plane E, 

each perpendicular to a line L, at points P and Q. 


There are 

now 

two 

possibilities : 

(1) 

^1 

and 

^2 

intersect in a point R 

(2) 

^1 

and 

^2 

do not intersect. 



In Case (l) we would have two lines, and Lg, each 

perpendicular to L and each passing through R. This is 
impossible by Theorem 6-1 if R lies on L, and by Theorem 6-3 
if R is not on L. Hence, Case (2) is the only possible one, 
and so, by definition, || Lg 

Theorem 9-2 enables us to prove the following important 
existence theorem. 


[sec. 9-1] 



241 ) 


Theorem 9-3 ■ Let L be a line, and let P be a point not 
on L. Then there is at least one line through P, parallel to 
L, 



Proof: Let L^^ be a line through P, perpendicular to L. 
(By Theorem 6-1, there is such a line.) Let Lg be a line 
through P, perpendicular to L^ in the plane of L and P. 

By Theorem 9-2, Lg || L. 

It might seem natural, at this point, to try to prove that 
the parallel given by Theorem 9-3 is unique; that la, we mi^t try 
to show that in a plane through a given point not on a given line 
there is only one parallel to the given line. Astonishing as it 
may seem, this cannot be proved on the basis of the postulates 
that we have stated so far ; it must be taken as a new postulate. 

We will discuss this in more detail in Section 9-3. In the mean- 
time, before we get to work on the basis of this new postulate we 
shall prove some additional theorems which, like Theorem 9''2, tell 
ua when two lines are parallel, 

We first give some definitions. 

Definition : A transversal of two coplanar lines is a line 
which intersects them in two different points . 

We say the two lines are "cut” by the transversal. 
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Definition ; Let L be a transversal of L^ and L^, 
Intersecting them In P and Q. Let A be a point of L^ and 
B a point of L^ such that A and B are on opposite sides of 
L. Then /_ PQB and ^ QPA are alternate Interior angles formed 
by the transversal to the two lines . 


L 



Notice that In the definition of a transversal, the two lines 
that we start with may or may not be parallel. But If they Inter- 
sect, then the transversal Is not allowed to intersect them at 
their common point. The situation in the figure below Is not 
allowed: 



That is, in this figure L is not a transversal to the lines L^ 
and Lg . 

Notice also that a common perpendicular bo two lines In a 
plane, as In Theorem 9-2, is always a transversal. 
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Theorem 9-h . If two lines are out by a transversal, and if 
one pair of alternate Interior angles are congruent, then the 
other pair of alternate Interior angles are also congruent. 



That Is, If / a = /[ a' , then / b ^ / b' . And if / b 3 / b' , 
then /a S ^ a' . The proof la left to the student. 

The following theorem la a generalization of Theorem 9-2, 
that is, it Includes Theorem 9-2 as a special case: 

Theorem - 9-5 . If two lines are cut by a transversal, and if 
a pair of alternate Interior angles are congruent, then the lines 
are parallel. 
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Proof: Let L be a transversal to and L^, Inter- 

secting them in P and Q. Suppose that a pair of alternate 
interior angles are congruent. There are now two possibilities: 

(1) and Lg intersect In a point R. 

(2) II Lg. 

In Case (l) the figure looks like this: 



L 


Let S be a point of L^ on the opposite side of L from R. 
Then / SPQ is an exterior angle of ^ PQR, and ^ PQR is one 
of the remote interior angles. By Theorem 7-1, this means that 

m / SPQ > m / PQR. 

But we know by hypothesis that one pair of alternate interior 
angles are congruent . By the preceding theorem, both pairs of 
alternate interior angles are congruent. Therefore, 

m / SPQ = m ^ PQR. 

Since Statement (l) leads to a contradiction of our hypothesis, 
Statement (l) is false. Therefore Statement (2) is true. 
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Problem Set 9-1 


1. s.. Does the definition of parallel lines state that the 

lines must remain the same distance apart? 

b. If two given lines do not lie in one plane, can the 
lines be parallel? 

2. Two lines In a plane are parallel if , or if 

or if 


3. 

4. 

5. 


6 . 


If two lines In a plane are intersected by a transversal, 
are the alternate Interior angles always congruent? 

In space, if two lines are perpendicular to a third line, are 
the two lines parallel? 


a. If the 80° angles were 
correctly drawn, would 

be parallel to Lg 
according to Theorem 
9-5? Explain. 

b . How many different 
measures of angles 
would occur In the 
drawing? What measures? 

In the figure, if the angles 
were of the size indicated, 
which lines would be parallel? 
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7 . Given a line L and a point P not on L, show how pro- 
tractor and ruler can be used to draw a parallel to L 
through P . 

8. Suppose the following two definitions are agreed upon: 

A vertical line is one containing the center of the 
earth . 

A horizontal line is one which is perpendicular to some 
vertical line. 


a. Could two horizontal lines be parallel? 

b. Could two vertical lines be parallel? 

c . Could two horizontal lines be perpendicular? 

d. Could two vertical lines be perpendicular? 

e. Would every vertical line also be horizontal? 

f. Would every horizontal line also be vertical'^ 

g. Could a horizontal line be parallel to a vertical line? 

h. Would every line be horizontal? 


9 . 

10 . 


Is it possible to find two lines in space which are neither 


parallel nor intersecting? 

Given: m / DAB = m / CBA = 90, 
and AD = CB . 

Prove: m / ADC = m / BCD. 

Can you 'also prove m ^ ADC 
= m / BCD = 90? 
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11. Given the figure with 
AR = RC = PQ, 

AP = PB = RQ, 

BQ = QC = PR. 

Prove: 

m/A + m^B + m/ C = 100. 
(Hint: Prove ni / a = m /_ h, 
m^b = m/ B, m/c = m^C.) 



12. Given: AB = AC, AP = AQ, 
Prove: PQ, 1| BG . 

(Hint: Let the bisector of 
/ A intersect PQ at R 
and BC at D . ) 



13. Given: The figure with 


/AS 

Zb, 

AD = 

BC, 

AT = 

TB, 

SD = 

SC. 

Prove 



ST 1 DC . 
^ j_ AB. 
DC II AB. 
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9-2. Corresponding Angles . 

In the figure below, the angles marked a and a' are 
called corresponding angles : 



Similarly, b and b' are corresponding angles; and the pairs 
c, c' and d, d' are also corresponding angles. 

Definition : If two lines are cut by a transversal, if ^ x 
and / y are alternate interior angles, and if / y and l_ z 
are vertical angles , then x and [_ z are corresponding 
angles . 



You should prove the following theorem. 
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Theorem 9-6 . If two lines are cut by a transversal, and if 
one pair of corresponding angles are congruent, then the other 
three pairs of corresponding angles have the same property. 

The proof is only a little longer than that of Theorem 9-4. 

Theorem 9-7 - If two lines are cut by a transversal, and If 
a pair of corresponding angles are congruent, then the lines are 
parallel. The proof is left to the student. 

It looks as though the converses of Theorem 9-5 and Theorem 
9-7 ought to be true. The converse of Theorem 9-5 would say that 
if two parallel lines are cut by a transversal, then the alter- 
nate Interior angles are congruent.. The converse ^of Theorem 9-7 
would say that if two parallel lines are cut by a transversal, 
then corresponding angles are congruent. These theorems, however, 
cannot be proved on the basis of the postulates that we have 
stated so far. To prove them, we shall need to use the Parallel 
Postulate, which will be stated in the next section. 

The Parallel Postulate is essential to the proofs of many 
other theorems of our geometry as well. Some of these you are 
already familiar with from your work in other grades. For example, 
you have known for some time that the sum of the measures of the 
angles of any triangle is l80.^ Yet, without the Parallel 
Postulate it is impossible to prove this very important theorem. 

Let us go on, then, to the Parallel Postulate. 


9-3. The Parallel Postulate. 


Postulate l6 .- (The Parallel Postulate.) Through 
a given external point there is at most one line 
parallel to a given line. 


Notice that we don't need to say, in the postulate, that there 
is at least one such parallel, because, we already know this by 
Theorem ^-3 . 
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It might seem natural to suppose that we already have enough 
postulates to he able to prove anything that Is "reasonable" j and 
since the Parallel Postulate Is reasonable, we might try to prove 
it Instead of calling it a postulate. At any rate, some very 
clever people felt this way about the postulate, over a period of 
a good many centuries. None of them, however, was able to find a 
proof. Finally, in the last century, it was discovered that no 
such proof Is possible. The point Is that there are some mathe- 
matical systems that are almost like the geometry that we are 
studying, but not quite. In these mathematical systems, nearly 
all of the postulates of ordinary geometry are satisfied, but the 
Parallel Postulate is not. These "Non-Euclldean Geometries" may 
seem strange, and In fact they are. (For example. In these 
"geometries" there Is no such thing as a s quare ■ ) Not only do 
they lead to Interesting mathematical theories, but they also have 
important applications to physics. 

Now that we have the Parallel Postulate we can go on to prove 
numerous Important theorems we could not prove without it . We 
start by proving the converse of Theorem 9-5. 

Theorem 9-8 ■ If two parallel lines are cut by a transversal, 
then alternate Interior angles are congruent. 

Proof; We have given parallel lines and L^, and a 

transversal L^, Intersecting them in P and Q. 
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Suppose that / a and ^ b are not congruent. Let L be a line 
through P for which alternate Interior angles are congruent. 



(By the Angle Construction Postulate, there Is such a line.) 

Then L / L^, because b and ^ c are not congruent. 

Now let us see what we have. By hypothesis, || Lg. And 
by Theorem 9-5> we know that L || Lg. Therefore there are two 
lines through P, parallel to Lg. This Is Impossible, because it 
contradicts the Parallel Postulate. Therefore / a s ^ b, which 
was to be proved. 

The proofs of the following theorems are short, and you 
should write them for yourself: 

Theorem 9-9 . If two parallel lines are cut by a transversal, 
each pair of corresponding angles are congruent . 

Theorem 9-10 . If two parallel lines are cut by a trans- 
versal, interior angles on the same side of the transversal are 
supplementary. 

Restatement: Given L^ |j Lg and T intersects L^ and 
Lg. Prove that ^ b Is supplementary to / d and ^ a is 
supplementary to / e. 
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Theorem 9-11 . In a plane ^ two lines parallel to the same 
line are parallel to each other. 

Theorem 9-12 . In a plane. If a line is perpendicular to one 
of two parallel lines it is perpendicular to the other. 


Problem Set 9-3 


1. Given: 

m/A = m^B = m^C = 90. 

Prove : m ^ D = 90 . 


/ 



2 . 


3. 


Prove that a line parallel to the base of an Isosceles tri- 
angle and intersecting the other two sides of the triangle 
forms another Isosceles triangle. 


Given: In the figure, 

RT = RS, II “Ss. 

Prove: PQ, = PT . 


R 
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4. Review indire*fct proof as Illustrated by the proof of 

Theorem 9-8. Give an Indirect proof of each of the following 
statements, showing a contradiction of the Parallel Postulate. 


a. In a plane, if a third 
line M Intersects one 
of two parallel lines 
at P, it also 
intersects the other 



b. In a plane, if a line 
R intersects only one 
of two other lines 
and Lg, then the 
lines and 

intersect . 



L 


Given 1 '' R intersects at P. 

R does not intersect Lg 
Prove: intersects Lg 


5. a. 


Prove: Two angles in a plane which have 'their sides 
respectively parallel and extending both in the same 
(or both in opposite) directions are congruent. 


Given; 


Prove ; 


YX . 

^ WYi . 

= /XYZ 
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b. Prove: Two angles in a plane which have their sides 

respectively parallel but have only one pair extending 
in the same direction are supplementary. 


Given: BA | | TO , 

b5 I I . 

Prove: In (a) ^ABC = /XYZ. 

In (b) ra/ABC + m/XYZ = iBo. 



(Note: Only certain caises are illustrated and proved 
here. All other cases can also be proved easily, The 
term "direction" Is undefined but should be understood.) 

6. Make drawings of various pairs of angles ABC and DEP such 
that BA J_ ED and BO J_ EF. State a theorem that you think 
may be true about the measures of such angles . 


*7. 


If Theorem 9-8 is assumed as a postulate, then the Parallel 
Postulate can be proved as a theorem. (That is, it must be 
shown that there cannot be a second parallel to a line 


through a point not on it.) 

Given: and L 2 are 

two lines containing 'P, 
and II M . 

Prove: Lg not parallel 
to M . 
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8 . 


Show that if Theorem 9-12 (if a transversal is perpendicular 
to one of two parallel lines ^ it is perpendicular to the 
other.) is assumed as a postulate, the Parallel Postulate 
can he proved as a theorem. 


Given: 1 1 M and and 

Lg contain P. (L^ / L^.) 

Prove: Lg not parallel to 

M. 



9-^. Triangles . 

Theorem 9-13 . The sum of the measures of the angles of a 
triangle is l80. 

Proof: Given A ABC, let L be the line through B, 
parallel to AC, Let / x, / x' , / y, ^ y' and / z be as 
in the figure . 
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Let D be a point of L on the same side of AB as C. 
Since AC || A is on the same side of BD as C. Therefore 

C is in the interior of l_ ABD (definition of interior of an 
angle), and so, by the Angle Addition Postulate, we have 

m. /_ ABD = m^z + m/ y'. 

By the Supplement Postulate, 

m / x' + m / ABD = l8o . 

Therefore 

m/x' + m^z+m/y' = l8o . 

But we know by Theorem 9-8 that m ^ x = m ^ x' and m / y = 

/ y’ j because these are alternate interior angles. By sub- 
stitution we get 

m/^x + m^z + m/ y = l8o, 

which was to be proved. 

Prom this we get a number of Important corollaries : 

Corollary 9 - 13-1 . Given a correspondence between two 
triangles. If two pairs of corresponding angles are congruent, 
then the third pair of corresponding angles are also congruent, 



The corollary says that if / A = ^ A' and ^ B = / B' , 
then / C = / O' . As the figure suggests, the corollary applies 
to cases where the correspondence given is not a congruence, as 
well as to cases where ^ ABC s ^ A'B’C . 
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Corollary 9-13-2 . The acute angles of a right triangle are 
complementary , 

Corollary 9-13-3 ■ For any triangle, the. measure of an 
exterior angle is the sum of the measures of the two remote 
interior angles , 


Problem Set 9-^ 


1. If the measures of two angles of a triangle are as follows, 
what is the measure of the third angle? 


a. 37 and 58. 

b. 149 and 30. 

G . n and n . 

2. To find the distance from 
a point A to a distant 
point P, a suryeyor may 
measure a small distance 
■ AB and also measure /_ A 
and B. From this in- 
formation he can compute 
the measure of / P and 
by appropriate formulas 
then compute AP. If 
m / A = 87.5 and m / B = 
compute m / P. 


d . r and s , 

e. 45 + a and 45 - a. 

f. 90 and 


A 



88.3 


3. Why is the Parallel Postulate essential to the proof of 
Theorem 9-13? 
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On a drawing like the one 
on the right fill in the 
values of all of the angles . 



5- 


Given: / A = / X and 
/ B s ^ Y, can you 
correctly conclude that; 

a. / C = / Z? 

b. AB S 




6. Given; BD bisects / EBC, 
and BD || tc , 

Prove : AB = BC . 



D 


7. The bisector of an exterior angle at the vertex of an 

isosceles triangle is parallel to the base. Prove this. 
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8. Given: The figure. 

Prove: a + r = t 4- u. 
(Hint: Draw DB.) 


B 

*9. Given: In the figure j 
/ BAG la a right angle 
and QB = QA . 

Prove: QB = QC, 

B 


C 




*10. Given: In ^ABC, / C 
la a right angle, 

AS = AT and BR = BT. 

Prove: m / STR = 45. 

(Hint: Suppose m / A = a. 
Write formulas in turn for 
the measures of other angles 
in the figure in terms of a . ) 




[sec. 9-4] 



263 


9-5- Quadrilaterals In Plane . 

A quadrilateral Is a plane figure with four sides, like one 
of the following: 



The two figures on the bottom illustrate what we might call 
the most general case. In which no two sides are congruent, no 
two sides are parallel, and no two angles are congruent. 

We can state the definition of a quadrilateral more precisely) 
in the following way. 

Definition : Let A, B, C and D be four points lying in 
the same plane, such that no three of them are colllnear, and such 
that the segments AB, BC, CD and DA intersect only in their 
end-points . Then the union of these four segments is a quadri- 
lateral ■ 

For short, we will denote this figure by ABCD, Notice that 
in each of the examples above, with the. exception of the last one, 
the quadrilateral plus its interior forms a convex set, in the 
sense which was defined In Chapter 3. This Is not true of the 
figure at the lower right, but this figure is still a quadrilater- 
al under our definition. Notice, however, that under our 
definition of a quadrilateral, figures like the following one are 
ruled out . 
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Here the figure la not a quadrilateral, becauae the aegmenta 
BC and DA interaect in a point which la not an end-point of 
either of them. Notice also, however, that a quadrilateral can 
be formed, using these same four points as vertices, like thla : 



Here ABDC ia a quadrilateral. 

Deflnltiona ; Opposite aides of a quadrilateral are two aides 
that do not intersect. Two of its angles are opposite if they do 
not contain a common aide. Two sides are called conaecutlve if 
they have a common vertex. Similarly, two angles are called 
consecutive if they contain a common side. A diagonal is a 
segment Joining two non-cons ecutlve vertices. 



[sec. 9-5] 



265 


In a quadrilateral ABCD, AB and CD are opposite sides, 
as are BC and AD. AD and CD or AD and AB are con- 
secutive sides. AC and BD are the diagonals of ABCD. 

Which angles are opposite? Which consecutive? 

Definition: A trapezoid is a quadrilateral in which two, and 
only two, opposite sides are parallel. 



Definition ! A parallelogram is a quadrilateral in which both 
pairs of opposite sides are parallel. 




C 


You should not have much trouble in proving the basic 
theorems on trapezoids and parallelograms : 

Theorem 9-1^ ■ Either diagonal separates a parallelogram 
into two congruent triangles. That is, if ABCD is a parallel- 
ogram, then ^ ABC = CDA. 

Theorem 9-15 ■ In a parallelogram, any two opposite sides 
are congruent . 
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Corollary 9-15-1 ■ If II Lg and if P and Q are any 
two points on then the distances of P and Q from Lg 

are equal . 

This property of parallel lines is sometimes abbreviated by 
saying that "parallel lines are everywhere equidistant". 

Definition : The distance between two parallel lines is the 
distance from any point of one line to the other line. 

Theorem 9-16 . In a parallelogram, any two opposite angles 
are congruent . 

Theorem 9-17 ■ In a parallelogram, any two consecutive 
angles are supplementary. 

Theorem 9-l6 . The diagonals of a parallelograim bisect each 
other . 

In Theorems 9-14 through 9-l8 we are concerned with several 
properties of a parallelogram; that is, if we know that a quadri- 
lateral la a parallelogram we can conclude certain facts about it. 
In the following three theorems we provide for the converse 
relationship; that is, if we know certain facts about a quadri- 
lateral we can conclude that it is a parallelogram. 

Theorem 9-19 . Given a quadrilateral in which both pairs of 
opposite aides are congruent. Then the quadrilateral is a 
parallelogram. 

Theorem 9-20 . If two sides of a quadrilateral are parallel 
and congruent, then the quadrilateral Is a parallelogram. 

Theorem 9-21 . If the diagonals of a quadrilateral bisect 
each other, then the quadrilateral is a parallelogram. 

The following theorem states two useful facts. The proof of 
this theorem Is given in full. 
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Theorem 9-22 . The segment hetween the mid-points of two 
sides of a triangle is parallel to the third side and half as 
long as the third side. 


B 



Restatement: Given AabC. Let D and E he the mid- 
points of AB and 'BC. Then DE || AC, and DE = ^ XC . 

Proof: Using the Point Plotting Theorem, let P he the 
point of the ray opposite to ED such that EP = DE, We give 
the rest of the proof in the two-column form. The notation for 
angles Is that of the figure . 



Statements 


Reasons 

1. 

EF = ED. 

1. 

P was chosen so as to make 
this true . 

2. 

EB=EC, 

2, 

E is the mid-point of BC. 

3. 

Z X S / y. 

3. 

Vertical angles are congruent 

4. 

/\E¥G as ^EDB . 

4. 

The S.A.S. Postulate. 

5 . 

^ V S ^ w. 

5 . 

Corresponding parts of con- 
gruent triangles . 

6. 

aS 11 

6. 

Theorem 9-5' 

7 . 

AD = PC. 

7 . 

AD = DB, hy hypothesis, and 
DB = PC, by statement 4. 

8. 

ADPC is a parallelogram. 

8. 

Theorem 9-20. 

9. 

DE 11 AG. 

9. 

Definition of a parallelo- 
gram. 

10. 

DE = "I AC . 

10. 

DE = DP, by statement 1, 
and DP = AC, by Theorem 

9 - 15 . 
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9-6. Rhombus , RectariKle and S quare . 


Definitions ; A rhombus Is a parallelogram all of vfhose sides 
are congruent. 



A rectangle is a parallelogram all of whose angles are 
right angles. 



Finally, a a quare Is a rectangle all of whose sides are congruent. 

As before, we leave the proofs of the following theorems for 
the student, 

Theorem 9-23 ■ If a parallelogram has one right angle, then 
It has four right angles, and the parallelogram Is a rectangle. 

Theorem S-2k . In a rhombus, the diagonals are perpendicular 
to one another . 

Theorem 9-25 ■ If the diagonals of ,a quadrilateral bisect 
each other and are perpendicular, then the quadrilateral Is a 
rhombus . 
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Problem Set 9-6 

1. For which of the quadrilaterals -- rectangle, square, 
rhombus, parallelogram -- can each of the following proper- 
ties be proved? 

a. Both pairs of opposite angles are congruent. 

b. Both pairs of opposite sides are congruent. 

c. Each diagonal bisects two angles. 

d. The diagonals bisect each other. 

e. The diagonals are perpendicular. 

f. Each pair of consecutive angles is supplementary, 

g. Each pair of consecutive sides Is congruent. 

h. The figure Is a parallelogram. 

I. Each pair of consecutive angles is congruent. 

J. The diagonals are congruent. 

2. With the measures of the angles as given In parallelogram 
ABPH, give the degree measure of each angle. 

m ^ A = 
m ^ B = 
m / F = 
m / H = 


3 . In this figure ABHQ and 
AFRM are parallelograms . 
What Is the relationship o 
^ M to / H? of / R to 
/ H? Prove your answer. 
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Would the following information about a quadrilateral be 
sufficient to prove it a parallelogram? a rectangle? a 
rhombus? a square? Consider each item of information 
separately. 

a. Both pairs of its opposite aides are parallel. 

b. Both pairs of its opposite sides are congruent. 

c . Three of its angles are right angles . 

d. Its diagonals bisect each other. 

e. Its diagonals are congruent. 

f. Its diagonals are perpendicular and congruent. 

g. Its diagonals are perpendicular bisectors of each other. 

h. It is equilateral. 

i. It is equiangular, 

J. It is equilateral' and equiangular. 

k. Both pairs of its opposite angles are congruent. 

l. Each pair of its consecutive angles is supplementary. 

5 . Given; ABCD is a parallelo- 
gram with diagonal AC . 

AP = RC. 

Prove; DPBR is a parallel- 
ogram. 



6. Given: Parallelograms AFED 
and PBCE, as shown in this 
plane figure. 

Prove: ABCD is a parallel- 
ogram. 
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7 . 


If lines are dravm parallel to the legs of an Isosceles 


triangle through a point in the 
parallelogram is formed and i' 
of the lengths of the legs. 

Given: In the figure 

RS = RT, M II RT, 

^ II ra. 

Prove : a . PXRY is a 

Parallelogram . 

b. PX + XR + RY + YP 
= RS + RT. 


base of the triangle, then a 
perimeter is equal to the sum 



8. In this figure, if ABCD is 
a parallelogram with diagon- 
als AC and BD intersect- 
ing in Q and EP is drawn 
through Q, prove .that EF 
is bisected by Q, 



9 . 


Given the isosceles trapezoid 
ABCD in which AD = CB and 
CD II AB. 

Prove ^ A S ^ B. 
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10, The median of a trapezoid la the segment Joining the mid- 
points of Its non-parallel sides , 

a. Prove the following theorem; The median of a trapezoid 
Is parallel to the bases and equal In length to half 
the aum of the lengths of the bases. 

Given: Trapezoid ABCD 
with ^ II P the 
midpoint of AD ana ^ 
the midpoint of BC . 

Prove: PQ || AB 
P(i = I (AB + CD) . 

(Hint: Draw DQ meeting 
AB at K.) 

b. If AB = 91n. and 

DC = 71n, then 
PQ = . 

c. If DC = and 

AB = then 

PQ = . 

11, A convex quadrilateral with vertices labeled consecutively 
ABCD is called a kite If AB = BC and CD = DA . Sketch 
some kites , State as many theorems about a kite as you can 
and prove at least one of them. 

12, Given: Quadrilateral ABCD 
with P, Q, R, S the 
midpoints of the aides . 

Prove: RSPQ is a parallel- 
ogram, and PR and SQ 
bisect each other, 

(Hint; Draw RQ, RS, SP, 

DB and PQ.) 
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13. Given: In the figure 
AD < BC, DA J_ 

CB J_ AB. 

Prove: iti / C < m / D. 

*14. Prove that the sum of the 

lengths of the perpendiculars 

drawn from any point in the 
base of an Isosceles triangle 
to the legs is equal to the 
length of the altitude upon 
either of the legs . 

(Hint: Draw PQ J_ BT. Then 
the figure suggests that PX 
and QT are congruent j and 
that PY and BQ are 
congruent . ) 

*15. Prove that the sum of the lengths of the perpendiculars drawn 

from any point in the interior of an equilateral triangle to 

the three sides la equal to the length of an altitude. 

(Hint: Draw a segment, perpendicular to the altitude used,, 
from the interior point.) 

16. Given a hexagon as in the 
figure with AB || OC, 

^ II OD, ^ II 
DE II OP, EP II 

Prove; PA || CD. 





[sec. 9-6] 



27 ^ 


17. 


18 . 


a. Given AA' , BB' , CC 
are parallel and 
AB II A'B' , BC II 


as in figure . 

Prove: AC || A’ C . 

b. Is the figure necessarily 
a plane figure. Will 
your proof apply if it 
Isn' t? 

Given ABCD is a square 
and the points K, Lj M 
N divide the aides as 
shown, a and b being 
lengths of the Indicated 
segments , 

Prove: KLMN is a square. 



*19. Show that if ABCD is a parallelogram then D is in the 
interior of l_ ABC . 

*20. Show that the diagonals of a parallelogram Intersect each 
other . 
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9-7. Transversals To Many Parallel Lines . 

Definitions t If a transversal Intersects two lines L^, 
in points A and B, then we say that and intercept 

the segment AB on the transversal. 



Suppose that we have given three lines Lg, and a trans- 

versal intersecting them in points Aj B and C. If AB = BC, 
then we say that the three lines intercept congruent segments on 
the transversal. 


T 
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We shall prove the following: 

Theorem 9-26 . If three parallel lines Intercept congrueni 
segments on one transversal, then they Intercept congruent seg- 
ments on any other transversal. 

Proof: Let and he parallel lines, cut by a 

transversal T^ in points A, B and C. Let Tg be another 
transversal, cutting these lines in D, E, and P. We have 
given that 

AB = BC; 

and we need to prove that 

DE = EP. 

We will first prove the theorem for the case in which 
and Tg are not parallel, and A D, as in- the figure: 



Let Tg be the line through A, parallel to Tg, inter- 
secting Lg and in G and Hj and let be the line 

through B, parallel to Tg, Intersecting Lg in I. Let 
Z X, /_ V and /_ z be as indicated in the figure. 
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Statements Reasons 


1 . 

/X = 

/ 2. 

1. 

Theorem 9-9- 

2. 

AB = 

BC . 

2. 

Hypothesis . 

3 . 

Tg II 

T4. 

3. 

Theorem 9-11. 

4. 

/ w ^ 

Zy- 

4. 

Theorem 9-9- 

5- 

ABG 

s ^ BCI. 

5- 

A. S. A. 

6. 

AG = 

BI. 

6, 

Definition of congruent 
triangles . 

7. 

AGED and BIFE are 
parallelograms . 

7- 

Definition of parallelograms 

8. 

AG = 

DE and BI = EP. 

8. 

Opposite sides of a parallel 
ogram are congruent. 

9. 

DE = 

EP. 

9. 

Steps 6 and 8. 


This proves the theorem for the case In which the two trans- 
versals are not parallel, and intersect In two different 

points. The other cases are easy. 

(1) If the two transversals are parallel, like Tg and 

in the figure, then the theorem holds, because opposite sides of a 
parallelogram are congruent. (Thus, if AG = GH, it follows that 
DE = EF.) 

(2) If the two transversals intersect at A, like and 

T^ in the figure, then the theorem holds; in fact, we have already 
proved that if AB = BC, then AG = GH. 

The following corollary generalizes Theorem 9-26. 

Corollary 9-26-1 . If three or more parallel lines Intercept 
congruent segments on one transversal, then they intercept con- 
gruent segments on any other transversal. 
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That la , given that 

it follows that 

BiBg = B2B3 = B3B^^ = ..., 

and so on. This follows by repeated applications of the theorem 
that we have Just proved. 

Definition ; Two or more sets are concurrent if there is a 
point which belongs to all of the sets. 

In particular, three or more lines are concurrent if they all 
pass through one point. 



The following theorem is an interesting application of 
Corollary 9-26-1. 
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Theorem 9-27 ■ The medians of a triangle are concurrent in a 
point two-thirds the way from any vertex to the mid-point of the 
opposite side. 

Given: In ^ABG, E 

and P are the mid-points 
of BC, CA and AB re- 
spectively . 

To Prove: There is a point 

which lies on kh, BE and 
CPj and AP = ^ kD, 

BP = "I BE, CP = I CP. 

Sketch of proof: 

( 1 ) 


Ls 

Lz 

L, 

B 

Let h^, Lg, and L^, with = AD he five 

parallel lines dividing CB into four congruent segments . Then 

(a) Lgj divide AC into two congruent segments, 

and so E lies on L|j^ . 

(h) L^, L^, Lg, divide BE into three congruent 

segments, and so if P is the point of intersection of 
AD and BE , then BP = ^ BE . 



C 
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(2) 



In the same way, with lines parallel to we find that 

If P' Is the Intersection of BE and OP, then BP' = BE. 

(3) Prom (l) and (2) and Theorem 2-4 it follows that P' = P, 
and therefore the three medians are concurrent . 

(4) Since we now know that CP passes through P we can easily 
get CP = CP from the figure In (l), and similarly get 

AP = j AD from the figure in (2), 

Definition ! The centroid of a triangle is the point of con- 
currency of the medians . 


Problem Set 9-7 


1 . Given: AB = BC . 

AR II Bs II or. 

^11 ^11 TZ. 

a. Prove ZY = YX. 

b . Do AC , TR and ZX 
have to be coplanar to 
carry out the proof? 
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2. The procedure at the right 
can be used to rule a sheet 
of paper, B, into columns 
of equal width. If A is 
an ordinary sheet of ruled 
paper' and B is a second 
sheet placed over it as 
shown, explain why 

0 ?! = ^ 1^2 ~ ^ 2^3 ~ ^ 3 ^ 4 - 

= = P^Q. 

3. Divide a given segment AB into five congruent parts by the 
following method; 

(1) Draw ray AR (not collinear with AB.) 

(2) Use yo ur ru ler to mark off congruent segments AN^, 

NiNg, NgNg, and of any convenient length. 

(3) Draw N^. 

(4) Measure /_ AN^B and use your protractor to draw corre- 

sponding angles congruent to ^ AN^B with vertices 'at 
N|^, Ng, and . 

Explain why AB is divided into congruent parts . 



4 . The medians of AABC meet 
at Q, as shown in this 
figure . 

If BP = 18, AQ = 10, 

CM = 9, then BQ = , 

OH = , CQ = . 


C 
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5. In equilateral /\ABC if one median is I 5 inches longj 

what is the distance from the centroid to A? To the mid- 
point of AB? To side AC? 


*6, Given: CM bisects AB at 
M. BQ bisects CM at P. 

Prove: Q, is a trisec tlon 
point of AC j that is , 

AQ = 2QC. 

(Hint; On the ray opposite 
to CB take point E such 
that CE = CB and show 
that BQ la contained in a 
median of AABE . ) 



* 7 . What Is the smallest number 
of congruent segments into 
which AC can be divided by 
some set of equally spaced 
parallels which will Include 
the parallels t^, and 


** 

CT 

if: 




a . 

AB 


2 and 

BC = 17 

b. 

AB 

= 

1-j and 

BC = 1? 

c . 

AB 

= 

21 and 

BC = 6? 

d. 

AB 

= 

1.414 

and BC =■ 1? 

e . 

AB 


yS” and BC = 17 
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*0 . Prove that the lines through opposite vertices of a 

parallelogram and the midpoints of the opposite sides 
trisect a diagonal. 

(Hint: Through an extremity of the diagonal, consider a 
parallel to one of the lines . ) 

Given: ABCD is a parallelogram. 

X and Y are midpoints . 

Prove : AT = TQ, = Q,C . 



Review Problems 

1. Indicate whether each of the following statements is true in 

ALL cases, true in SOME cases and false in others, or true 

In NO case, using the letter A, S or N: 

a. Line segments in the same plane which have no point in 
common are parallel. 

b. If two sides of a quadrilateral ABCD are parallel, 
then ABCD is a trapezoid. 

c. Two angles in a plane which have their sides respective- 
ly perpendicular are congruent . 

d. If two parallel lines are cut by a transversal, then a 
pair of alternate exterior angles are congruent . 
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e. If two lines are cut by a transversal, then the rays 
bisecting a pair of alternate Interior angles are 
parallel. 

f. In a plane, if a line is parallel to one of two paralle. 
lines, it is parallel to the other. 

g. In a plane two lines are either parallel or they 
Intersect . 

h. In a parallelogram the opposite angles are supplementary 

i. The diagonals of a rhombus bisect each other. 

J . All three exterior angles of a triangle are acute , 

k. A quadrilateral having two opposite angles which are 
right angles is a rectangle , 

l. The diagonals of a rhombus are congruent, 

m. If a quadrilateral is equilateral, then all of its 
angles are congruent. 

n. If two opposite sides of a quadrilateral are congruent 
and the other two aides are parallel, the quadrilateral 

. is a parallelogram. 

0 . The diagonals of a rhombus bisect the angles of the 
rhombus . 

p. If the diagonals of a parallelogram are perpendicular, 
the parallelogram is a square. 

q. If a median to one side of a triangle Is not an altitude, 
the other two sides are unequal in length. 

r. Either diagonal of a parallelogram makes two congruent 
triangles with the sides, 

3 . If a diagonal of a quadrilateral divides it into two 

congruent triangles, the quadrilateral is a parallelogram 

t. If two lines are intersected by a transversal, the 
alternate interior angles are congruent. 
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и, All four aides of a rectangle are congruent, 

V. All four angles of a rhombus are congruent, 
w. A square la a rhombus. 

X, A square is a rectangle. 

2. Would the following information about a quadrilateral be 
sufficient to prove it a parallelogram? A square? A 
rhombus? A rectangle? Consider each item of information 
separately. 

a. Its diagonals bisect each other. 

b. Its diagonals are congruent. 

c. It is equilateral. 

d. It la equilateral and equiangular. 

e. A diagonal bisects two angles. 

f. Every two opposite sides are congruent. 

g. Some two consecutive sides are congruent and perpendicu- 
lar. 

h. The diagonals are perpendicular. 

I. Every two opposite angles' are congruent. 

J. Each diagonal bisects two angles. 

к. Every two consecutive angles are supplementary. 

1. Every two consecutive sides are congruent. 

/a and / B have their sides respectively parallel. 

a. If only one pair of corresponding sides extend in the 

same direction the angles are . 

b. If corresponding sides extend in opposite directions, 

then the angles are . 
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In Problems 5 and 6 below select the one word or phrase 
that makes the statement true. 

k. The bisectors of the opposite angles of a non -equilateral 
parallelogram (a) coincide, (b) are perpendicular, 

(c) Intersect but are not perpendicular, (d) are parallel. 

5. The figure formed by Joining the consecutive mid-points of 
the aides of a rhombus la (a) a rhombus, (b) a rectangle, 

(c) a square, (d) none of these answers. 

*6. The figure formed by Joining the consecutive mid-points of 
the sides of quadrilateral ABCD is a square (a) if, and 
only if, the diagonals of ABCD are congruent and perpen- 
dicular, (b) if, and only if, the diagonals of ABCD are 
congruent, (c) if, and only if, ABCD is a square, 

(d) if, and only if, the diagonals of ABCD are perpen- 
dicular. 

7. In the left-hand column below, certain conditions are speci- 
fied. In the right-hand column, some deducible conclusions 
are left for you to complete, 

Given: MW and KR are 
diagonals of MKWR, 


R W 
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Conditions : 

a. MKWR Is a parallelogram 
m/a = 30, and 

m^WKM = 110. 

b. MKWR Is a rectangle and 
m/a = 30 . 

c . MKWR la a rhombus , 
m/a = 30 and MK = 6 . 

8. Given: In the figure 
AE = EB, GF = 8, 

CP = FB, DE II CB. 

Find : DG . 


Conclusions : 


m/d = 

and m/RWK = 

m/d = 

and m/b = 

m/b = 

and RK = 


A 



C F B 


9. 


10 . 


11. 


If the perimeter (sum of lengths of sides) of a triangle Is 
10 Inches, what la the perimeter of the triangle formed by 
Joining the mid-points of sides of the first triangle? 


a. If m/ A = 30 and 
m/ C = 25, what Is 
the measure of 

/ CBD? 

b . If m/ A = a and 
m/ C = ■^, what Is 

m/ CBD? m/ ABC? 


C 



Show that the measure of 
/ E, formed by the 
bisector of / ABC and 
the bisector of exterior 
/ ACD of / ABC, is 
equal to m/ A. 
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14 . Given: ABCD is a 
parallelogram with 
diagonals AC and 
DB. AP = RC < ^ AC. 

Prove: CPBR is a 
parallelogram. 



15. Prove or disprove: 

If a quadrilateral has one pair of parallel sides and one 
pair of congruent sides, then the quadrilateral is a 
parallelogram. 

16. In /|\ABC, median AM is congruent to MC. Prove that 
^ABC is a right triangle. 

17. Prove: If the bisectora of two consecutive angles of a 
parallelogram Intersect, they are perpendicular to each other. 



A 
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* 10 . 


Given; ABODE Is a 
as shovm. AE || CD. 
P is raid-point of 
K is raid-point of 
EM = ED . 

Prove: KE bisects 


E 



19. When a beam of light is reflected from a smooth surface, the 
angle between the incoming beam and the surface is congruent 
to the angle between the reflected beam and the surface. 

In the accompanying figure, m/ ABC = 90, m / BCD = 75, and 
the beam of light makes an angle of 35° with AB. Copy 
the figure and complete the path of the light beam as it 
reflects from AB, from BC, from DC, and from AB again. 
At what angle does the beam reflect from AB the second 
time? 




290 


20. Given triangle ABC with AR and CS medians. If ar is 
extended its own length to D, and CS is extended its own 
length to P, prove that P, B and D as shown are 
collinear. 


A C 




Chapter 10 
PARALIELS IN SPACE 


10-1. Parallel Planes . 

Definition : Two planes, or a plar^e and a line, are parallel 
If they do not Intersect. 

If planes and E^ are parallel we write E^ || E^j If 

line L and plane E are parallel we write L || E or E || L. 
As we will soon see, parallels In space behave In somewhat the 
same way as parallel lines In a plane. To study them we do not 
need any new postulates. 

However, In spite of the similarities It Is necessary. In 
studying theorems and their proofs In this chapter, to distinguish 
carefully between parallel lines and parallel planes . Two 
parallel planes such as E and F In the first Figure below 
contain lines such as and Lg which are not parallel. And 
the second Figure shows parallel lines and Mg lying in 
Intersecting planes G and H. 



The following theorem describes a common situation in which 
parallel planes and parallel lines occur in the same Figure, 

Theorem 10-1 . If a plane intersects two parallel planes, 
then it intersects them in two parallel lines. 



Proof; Given a plane E, Intersecting two parallel planes 
and E^, By Postulate 8, the intersections are lines and 
Lg. These lines are in the same plane E; and they have no point 
in common because and Eg have no point in common. There- 
fore, they are parallel by the definition of parallel lines. 

Theorem lQ-2 . If a line is perpendicular to one of two 
parallel planes, it la perpendicular to the other. 
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Proof: Let planes and Eg "be parallel and let line L 

be perpendicular to . In Eg take a point A not on L, and 
let E be the plane determined by L and A. By the preceding 
theorem E intersects E^ and Eg in parallel lines and 

Lg. L J_ since L J_ and so by Theorem 9-12 (look it up) 

L _L Lg. Now take a point A* in Eg not on Lg and repeat the 
process . We thus obtain two lines in Eg each perpendicular to 
L, and so L J_ Eg, by Theorem 6-3. 

Theorem 10-3 . Two planes perpendicular to the same line are 
parallel . 




Proof: The figure on the left shows what happens when 
E^ J_ L at P and Eg J_ L at Q: we wish to show E^ || Eg. 

If and Eg are not parallel, they Intersect. Let R be a 

common point. Consider the lines PR and Then L J_ and 

Li® because L is perpendicular to every line in E^ through 
P and every line in Eg through Q. This gives two perpendicul- 
ars to a line from an external point, which is Impossible, by 
Theorem 6-3. 


[sec. 10-1] 



•~y 


Corollary 10-3-1 . If two planea are each parallel to a third 
plane, they are parallel to each other, 

Proof: Let || Eg H E^, Let L be a line perpen- 

dicular to Eg. By Theorem 10-2 L J_ E^^ and L J_ Eg. Thus E^ 
and Eg are each perpendicular to L and E^^ || Eg by the 
Theorem 10-3 . 

Theorem 10-4 . Two linee perpendicular to the same plane are 
parallel . 

Proof: By Theorem 8-8 two such lines are coplanar. Since 
they are perpendicular to the given plane, say at points A and 
B, they are perpendicular to aI". Hence by Theorem 9-2 they are 
parallel . 

Corollary 10-4-1 . A plane perpendicular to one of two 
parallel lines is perpendicular to the other. 



Proof: Let L^^ || Lg, L^^ J. E. Let Lg be a line perpendi- 
cular to E through any point A of Lg. Lg exists by Theorem 
8 - 9 . Then by Theorem 10-4 L^^ || Lg. Hence, by the Parallel 

Postulate Lg = Lg, and so Lg J_ E, 

Corollary 10-4-2 . If two lines are each parallel to a third 
they are parallel to each other. 

Proof: Let L^ || Lg, L^ || Lg. Let E be a plane per- 
pendicular to L^. By the above corollary E J_ Lg and E J[ Lg, 
and so by the above theorem Lg || L 3 . 
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Theorem 10-5 ■ Two parallel planes are everywhere equidistant. 
That Is, all segments perpendicular to the two planes and having 
their end points in the planes have the same length. 



Proof! Let PQ and RS be perpendicular segments between 
the parallel planes and Eg. By Theorem 10-2, each of the 

segments is perpendicular to each of the planes. By Theorem lO-ll, 
PQ II and this means, in particular, th at and lie 

In the same plane E^ . By Theorem 10-1, QR || PS . Therefore, 

PQRS is a parallelogram. Opposite sides of a parallelogram are 
congruent. Therefore, PQ = RS, which was to be proved. 
(Obviously PQRS is a rectangle, but this fact does not need to 
be mentioned in the proof.) 
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Problem Set IQ-I 

1. Draw a Bmall sketch to Illustrate the hypothesis of each of 

the following statements . Below each sketch indicate whether 

the statement is true or false. 

a. If a line la perpendicular to one of two parallel planes 
It is perpendicular to the other. 

b . Two lines parallel to the same plane may be perpendicular 
to each other. 

c. Two planes perpendicular to the same line may intersect. 

d. If a plane intersects two intersecting planes, the lines 
of intersection may be parallel. 

e. If two planes are both perpendicular to each of two 
parallel lines, the segments of the two lines intercepted 
between the planes are congruent. 

f. If two planes, perpendicular to the same line, are 
intersected by a third plane, the lines of intersection 
are parallel. 

g. If a line lies in a plane, a perpendicular to the line 
is perpendicular to the plane. 

h. If a line lies in a plane, a perpendicular to the plane 
at some point of the line is perpendicular to the line. 

i. If two lines are parallel, every plane containing only 
one of them is parallel to the other line, 

j. If two lines are parallel, every line intersecting one 
of them intersects the other. 

k. If two planes are parallel, any line in one of them is 
parallel to the other, 

l. If two planes are parallel, any line in one of them is 
parallel to any line in the other. 
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Given lines and Lg 

intersecting parallel 
planes m, n, and p 
at points A, B, C, 
and X, Y, Z, with 
B the mid-point of AC . 
Prove: T£ = YZ . 



Given: plane a || plane r, 
AB X r . CX = CY in 
plane s . 

Prove; AX = AY. 




Given: A, C in m; 

B , D in n , m X ^ ^ 
n X ABj m X CD. 

Prove: n X CD. 


[sec. 10-1] 



298 


5< Given: In the figure m 1| n, 
^ 1 n, CD i n. 

Prove: AD »« CB, 



►6. Planea E and F are 

perpendicular to AB, 
Lines BK and BHj in 

plane F, determine 

with AB two planes 
which intersect E in 
AD and AC . Certain 
lengths are given j as 
in the figure . 




k 

s 

D 

1 

[A 1 

• / 





H 

1 

B 

'/ 




Are BKDA and BACH parallelograms? Can you give a further 
description of them? Is ^BHK a ^CAD? Can you give the 
length of CD? 


In the figure half planes 
n and m have a common 
edge AB and intersect 
parallel planes s and t 
in lines AD, AE, BQ, 
and ^ as shown . 

Prove that / DAE si ^ gbP. 
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* 0 . 


#9 . 


Show how to determine a plane containing one of two akew 
lines and parallel to the other. Prove your construction. 


Given: PL and PM lie 
in plane E, RL J_ LP, 

^ J[ MP . RL 1 1 SM . 

Prove: RL J[ E, SM J_ E. 

(Hint: At P draw 
^ II RL at P.) 



10-2. Dihedral Angles . Perpendicular Planes . 

We have considered perpendicularity between two lines, and 
between a line and a plane . We have yet to define perpendicular- 
ity between two planes. This can be done in various ways, and 
we choose the one that has the closest analogy with the definition 
of perpendicular lines . 

Definitions ; A dihedral angle is the union of a line and 
two non-coplanar half-planes having this line as their common edge. 
(Compare with the definition of angle in Chapter 4.) The line is 
called the edge of the dihedral angle. The union of the edge and 
either half-plane is called a face, or side , of the dihedral 
angle . 

< > 

If PQ is the edge, and A and B points on different 
sides, we denote the dihedral angle by ^A-PQ-B. 
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Analogous to the discussion on page 88 we see that two 
Intersecting planes determine four dihedral angles . 



Terms such as vertical . Interior , exterior , etc . can be applied to 
dihedral angles. Definitions of these terms can be considered an 
exercise for the student. 

To define right dihedral angles, however, we need to talk 
about the measure of a dihedral angle. One might at first think 
that we must introduce four new postulates, analogous to those in 
Section 4-3. However, this is not necessary, for we can relate 
each dihedral angle with an ordinary angle, as follows*. 



Definition ; Through any point on the edge of the dihedral 
angle pass a plane perpendicular to the edge, intersecting each 
of the Bides in a ray. The angle formed by these rays is called 
a plane angle of the dihedral angle , 

The sides of the plane angle are perpendicular to the edge 
of the dihedral angle, so another way of defining the plane angle 
would be the angle formed by two rays, one in each side of the 
dihedral angle, and perpendicular to Its edge at the same point. 


r se c., 10-?1 
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It is natural at this point to use the measure of the plane 
angle as a measure of the dihedral angle, hut before we do this 
we must prove that any two plane angles of a dihedral angle have 
the same measuhe. 

Theorem 10-6 . Any two plane angles of a given dihedral angle 
are congruent. 



P 



Q' 

Figure B. 


Proof; Let V and S be the vertices of two plane angles 
of /A-PQ-B. (Figure A.) On the sides of /V take points U 

and W distinct from V. On the sides of / S take points R 

and T such that SR = VU, ST = W. (Figure B.) TiJ and SR 

are coplanar and perpendicular to PQj hence they are parallel 
by Theorem 9-2. Hence by Theorem 9-20 (look it up) VIJRS is a 
parallelogram and UR = VS and UR || VS, Similarly, WT = VS 

and WT llVS. Hence UR = WT and UR || WT, the latter fact 
following from Corollary 10-4-2. URTW is thus a parallelogram, 
and UW = RT. It follows from the S.S.S. Theorem that 
AUVW S A RST, and so m^ UVW = RST. 

Thus we can make the following definitions . 

Definitions : The measure of a dihedral .angle is the real 
number which is the measure of any of its plane angles . A dihedral 
angle is a right dihedral angle if its plane 'angles are right 
angles . Two planes are perpendicular if they determine right 
dihedral angles . 
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The following are some immediate consequenceB of these 
definitions. Their proofs are left as exeroisee. 

Corollary 10-6-1 . If a line Is perpendicular to a plane, 
then any plane containing this line is perpendicular to the given 
plane , 

Given! lE, F contains 

AB. 

Prove: P 1 E. 

(Hint; Take BG PQ in 

E.) 



Corollary 10-6-2 . If two planes are perpendicular, then any 
line in one of them perpendicular to their line of Intersection, 
is perpendicular to the other plane, 

(Hint: In the above figure; given P 1 E, 1 prove 

AB E. Take BC as before,) 


1 . 


Problem Set 10-2 


Name the six dihedral angles 
in this three dimensional 
figure . 
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2. Each of AP, BP and CP 
is perpendicular to the 
other two. a * b = c = 45. 
VThat Is the measure of 
/ C-PA-B? of / GAB? 


C 



3 , Draw a small slcetch to illustrate the hypothesis of each of 

the following statements. Then indicate whether each is 

True (l) or False (o). 

a. If a plane and a line not in it are both perpendicular to 
the same line, they are parallel to each other. 

b . If a plane and a line not in it are both parallel to the 
same line they are parallel to each other. 

c . If parallel planes E and P are cut by plane Q, the 
lines of intersection are perpendicular. 

d. If two planes are parallel to the same line they are 
parallel to each other. 

e . Two lines parallel to the same plane are parallel to 
each other. 

f. Segments of parallel lines intercepted between two 
parallel planes are congruent. 

<-> 

g. If plane's E and F are perpendicular to AB, then 
they intersect in line 

h. Two planes perpendicular to the same plane are parallel 
to each other. 

i . Two lines perpendicular to the same line at the same 
point are perpendicular to each other. 

J. A plane perpendicular to one of two intersecting planes 
must intersect the other, , 
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k. If two interaectlng planes are each perpendicular to a 
third plane, their line of Intersection Is perpendicular 
to the third plane. 

4. Prove: If two Intersect- 
ing planes are each per- 
pendicular to a third 
plane, their Intersection 
is perpendicular to that 
third plane. 

Givens Planes r and s 
Intersect In PQ (P being 
chosen for convenience on 
plane E) . r E and 
B J[ E. 

Prove: QP J_ E. (Hint; In plane E, draw XP M and 
YP AB, and use Corollary 10-6-2.) 

5. ^ and are perpendicu- 

lar to plane E. Other 
given information Is as 
shown in the figure. 

X = ? j m = 7 ; 

y = 7 ■ 

Which two segments have 
the same length? 
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*6 . 


Prove the following theorem: If three planes E^, Eg, and 
Eg intersect in pairs and determine three lines L^g 

and Lggj then either the three lines are concurrent or each 
pair of the lines are parallel . 


(Hint: The figure shows 
E^ and Eg meeting in L^g. 
If Eg II L^g will th 6 three 
lines Lj^gj L^g and Lgg, 
he concurrent or parallel? 
Give proof. If Eg inter- 
sects L^g in some point P 
will the three lines he con- 
current or parallel? Give 
proof . ) 



*7. Des argues ' Theorem . If two triangles lying in non-parallel 

planes are such that the lines Joining corresponding vertices 
are concurrent, then if corresponding side-lines intersect, 
their points of intersection are collinear. 
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Restatement , Given the trlanglee and AA'B'C in 

non-parallel planes such that S' and intersect 

at ^ U , Let the lines and meet at Xj n and 

meet at and and w- meet at z. Prove 
that the points X, Y, Z lie on a line, 


10-3, Frojeotions . 

You are familiar with a slide projector which projects each 
point of a slide onto a screen. Each figure in the slide is pro- 
jected as an enlarged figure on the screen, In this section you 
will notice certain differences and certain Bimllarltlea between 
this familiar kind of projection and the kind of geometric pro- 
jection which la presented. 

Definition ! The projection of a point into a plane is the 
foot of the perpendicular from the point to the plane, (By 
Theorem 0-10 this perpendicular exists and is unique.) 

In the figure, Q . is the projection of P into E. 



Definltlon t The projection of a line into a plane is the set 
of points which are projections into the plane of the points of 
the line , 
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In the figure, P' la the projection of P, Q' la the pro- 
jection of Q, and ao on. It looks as if the projection of the 
line Is a line; and In fact this la what always happens, except 
when the line and the plane are perpendicular. 

Theorem 10-7 . The projection of a line Into a plane is a 
line, unless the line and the plane are perpendicular. 



Proof: Let L be a line not perpendicular to plane E, 

Case 1. L lies in E. Then each point of L lies in E 
and la its own projection. (That is, a line through such a point 
P, perpendicular to E, intersects E in P.) Thus, the pro- 
jection of L is Just L Itself, and so is certainly a line. 

Case 2. L does not lie in E. Let P be a point of L 

that is not in E, let P' be the projection of P into E, and 
let P be the plane determined by the intersecting lines L and 
P P' . F and E have point P' in common, and so, they intersect 
in a line which we call L' . (Postulate 8.) We want to show that 
L' is the projection of L. 

To do this we must show two things: 

(1) If H is a point of L, then its projection is a point 
of L' . This will show that the projection of L lies 
on L' , but it will not assure us that the projection 
of L constitutes all of L' . To show the latter we 
must prove 

(2) If S' is any point of L' there is a point S of 
L whose projection is S* . 
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We can prove these two parts of Case 2 as follows: 

Proof of (l): If R = P, then R' « p' and so R' Hea oi 
L' . So suppose R la different from P. Then and 

R R' are coplanar, hy Theorem 8-8. Since P la the only 
plane containing P, R and P' (Postulate 7.), R' la 
in F. R' is also in E. Therefore R' ia on L' , since 
L' , being the Intersection of E and P, contains all 
points common to E and P. 

Proof of (2): If S' la any point of L' , then the line 
M through S' perpendicular to E is coplanar with P P' 
(or coincides with it if S' = P' ) and so lies in P. 
Therefore M intersects L (why?) at some point S. 

S' ia the projection of S. This completes the proof of 
Theorem 10-7. 

If a line is perpendicular to a plane its projection into 
the plane is a single point. 

The idea of projection can be defined more generally, for 
any set of points. If A la any set of points, then the pro- 
jection of A Into the plane E is simply the set of all pro- 
jections of points of A. For example, the projection of a tri- 
angle is usually a triangle, although In certain exceptional cases 
it Tnay be a segment. 


Q 
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On the left, the projection of /\PQR is ^STU. On the right, 
the plane that contains ^PQB is perpendicular to E, so that 
the projection of /\PQR la simply the segment ST. 

Problem Set 10-3 

1, Using the kind of projection explained in Section 10-3 
answer the following: 

a. Is the projection of a point always a point? 

b. Is the projection of a segment always a segment? 

c. Can the projection of an angle be a ray? A line? 

An angle? 

d. Can the projection of an acute angle be an obtuse angle? 

e. Is the projection of a right angle always a right angle? 

f. Can the length of the projection of a segment be greater 
than the length of the segment? 

2. a. If two segments are congruent will their projections be 

congruent? 

b. If two lines Intersect can their projections be two 
parallel lines? 

c. If two lines do not intersect can their projections be 
two intersecting lines? 

d. If two segments are parallel and congruent, will their 
projections be congruent? 
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3 . Qlven the figure with AB 
not In plane m, XY the 
projection of AB into 
plane mj M the mid- 
point of AB, and N the 
projection of M, prove 
N ia the mid-point of XY, 
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In mechanical drawing the top view or "plan" of a solid may 
Pe considered the projection of the various segments of the solid 
into a horizontal plane mj as shown in perspective at the left. 
The top view as it would actually be drawn is shown at the right. 
(No attempt is made here to give dimensions to the segments.) 

a. Sketch a front view of the solid shown above - that is, 
sketch the result of projecting the -segments of the 
solid into any plane parallel to its front face. 

b. Sketch the right side view of the solid. 


5. The projection of a tetrahedron 
(triangular pyramid) into the 
plane of its base may look like 
the figure at the right. How 
else may it appear? 



6 . 


Given: BD is the projection 
of BC into plane m. AB 
lies in plane m and /_ ABC 
is a right angle. 

Prove: ABD is a right 

angle . 

(Hint: Let BE be perpendicu- 
lar to plane m.) 
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i . 


Qiven: AQ has projection 
AR in plane m. AP is 
any other ray from A In 
plane m. (Note; ^ QAR 
is called the ang;le that 
aJ makes , with plane m.) 

Prove: QAR < QAP. 

(Hint: Let Q' he the 
projection of Q into m. 
On AP choose X so that 
AX = AQ' . 



Draw QQ' , Q'X and QX.) 


If the diagonal of a cube is perpendicular to a given plane, 
sketch the projection into the plane of an the edges of the 
cube, (No proof required.) 


Review Problems 


1. Suppose ^ R-AB-S is an 
acute dihedral angle with 
P a point on its ed^e , 
Can rays PX and PY be 
chosen in the two faces 


so 

that 



a. 

i XPY 

is 

acute? 

b. 

L 

is 

obtuse? 

c . 

/ XPY 

is 

right? 
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2. Planes r and s intersect 
In TQ. B is a point between 
T and Q,. AB is in r. 
m/_ TBA = 40 . PB is in s . 
m/ PBQ = 90 . Is / ABP a 
plane angle of dihedral 
[_ TQ? Can you determine 
m^/ ABP? If soj state a 
theorem to support your 
conclusion . 



3. Planes x and r intersect 

K > 

in QK. B is a point between 
K and Q. BA is in r. B? 
is in X . m/[ ABK = 90 . 

m/ QBP = 90 . Is / PBA a 
plane angle of dihedral 
/_ QK? If your answer is / 

"Yes", state a theorem or LL 

definition to support your 
conclusion. If m^ ABP = 80 , 
is r _L X? If r J_ X, what 
is m/ ABF? 

4. Indicate whether each of the following statements is true in 
all cases (A), true in some cases and false in others (S), 
or true in nn case (n) . 

a. Two lines parallel to the same plane are perpendicular 
to each other. 

b. If a plane intersects each of two intersecting planes, 
the lines of intersection are parallel. 

c. If a line lies in a plane, a perpendicular to the line 
is perpendicular to the plane . 




d. If two planes are parallel, any line in one of them is 
parallel to the other. 

e . If two planes are parallel to the same line they are 
parallel to each other. 

f. Two lines perpendicular to the same line at the same 
point are perpendicular to each other. 

g. If two intersecting planes are each perpendicular to a 
third plane j their line of intersection is perpendicular 
to the third plane. 

h. The projection of a segment is a segment. 

i. The projection of a right angle is a right angle, 

j. Congruent segments have congruent projections, 

k. Two lines are parallel if they are both perpendicular 
to the same line. 

l. If a plane is perpendicular to each of two lines, the 
two lines are coplanar. 

m. If a plane intersects two other planes in parallel 
lines, then the two planes are parallel, 

n. If a plane intersects the faces of a dihedral angle, 

the intersection is called a plane angle of the dihedral 
angle . 

Given: P is the projection 
of point A into plane E. 

BH lies in plane E. / PBH 
is a right angle. 

Prove: / ABH is a right 
angle . 
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Given: 'Planes X, Y and 
Z are parallel as shovm, 
with CE in Z, and A 
in X. AC cuts Y in ■ B 
and AE cuts Y in D. 

AB = BC . AC = OE. 

Prove: BD = BA. 



Given: R, Z, Y, X are 
the mid-points of the re- 
spective sides CBj BA, 
AD, DC of the non-planar 
quadrilateral CBAD. 


Prove : 
gram. 


RZYX is a parallel© 



In the following incomplete statement it is possible to fill 
in the solid blanks with "line" or "plane" and the dotted 
blanks with 1 1 or J_ in eight ways so as to make the complet- 
ed statement true: Give five of these ways. 


If A Is to C, and B is 


to C , then A and B 

Given: ABCD is a parallelo- 
gram. Each of AE, BF, XY, 
DH and CG are perpendicular 
to L, L is in the plane of 
parallelogram ABCD. 

Prove: AE + CG = BF + DH. 


are 



<|ri- 
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A CONVENIENT SHORTHAND 

There was a time when algebra was all written out In words. 

In words, you might state an algebraic problem In the following 
way: 

"if you square a certain number, add five times the number, 
and then subtract six, the result is zero. What are possibilities 
for this number?" 

This problem can be more briefly stated in the following form; 

"Find the roots of the equation x + 5x - 6 = 0." 

The notation of algebra is a very convenient shorthand. A 
similar shorthand has been Invented for talking about sets. It 
saves a lot of time and space, once you get used to It, and it is 
all right to use It In your written work, unless your teacher 
objects . 

Let us start with a picture, and say various things about it 
first in words and then in shorthand. i 



Here we see a line L, which separates the plane E into 
two half -plane 5 H^ and H^. Now let us say some things in two 
ways . 


In Words 

In Shorthand 

The segment PQ lies in H^. 

i . C . 

The intersection of ^ and 

2. M n L = T. 

L is T. 






The ahorthand expression PQC la pronounced in exactly 
the same way as the expression on the left of It. In general^ 
when we write A C Bj this means that the set A lies in the 
set B. 

An expression of the type A f! B denotes the intersection of 
the sets A and B. The symbol " 0 " is pronounced "cap," be- 
cause it looks a little like a cap. Notice that the sets and 

17 do not intersect. If we agree to write 0 for the empty set, 
then we can express this fact by writing 

15 n ^ = 0 . 

Similarly, 

15 n L = 0 

and 

15n Hg = 0. 

Of course, 15 is a set which lies in But the point P 
above Is a member of . We write this in shorthand like this 

p e: 

This is pronounced "P belongs to 

The union of two sets A and B is written as A U B. This 
is pronounced "A cup B," In the same way, we write A U B Uc 
for the union of three sets. For example, in the figure above, the 
plane E is the union of Hg and L. We can therefore write 

E = Hi U Hg U L'. 

Notice that here (as everywhere else), a formula involving 
the sign "=" means that the things on the left and right of "=" 
are the same thing. The sign "=" is simply an abbreviation of the 
word "is", as in the expression 2 + 2 = 4, which says that two 
plus two Is four. 


P roblem Set 1 

Consider the sets, A, B, C, and so on, defined in the follow- 
ing way: 

A is the set of all doctors. 

B is the set of all lawyers. 

C is the set of all tall people. 
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D Is the set of all people who can play the violin. 

E is the set of all people who make a lot of money. 

F Is the set of all haskethall players. 

Write shorthand expressions for the following statements: 

1. All basketball players are tall. 

2. ■ No doctor is a lawyer. 

3. No violinist makes a lot of moneyj unless he is tall. 

4. No basketball player is a violinist. 

5. Everyone who is both a doctor and a lawyer can also play 
the violin. 

6. Every basketball player who can play the violin makes a 
lot of money. 

7. The man X is a tall violinist. 

8. The man Y is a prosperous lawyer. 

9. The man Z is a tall basketball player. 
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Appendix II 

POSTULATES OP ADDITION AND MULTIPLICATION 

The methods of manipulating real numbers by means of the oper- 
ation of addition and multiplication, and the related operations 
of subtraction and division, are all determined by the following 
eleven postulates. In the statement of these postulates and the 
proofs of the following theorems it is to be understood that all 
the letters are real numbers. 

A-1. (Closure under Addition.) x + y is always a real 
number . 

A-2. (Associative Law for Addition.) x + (y + z) = (x 4- y)+z 

A-3 . (Commutative Law for Addition.) x + y = y + x. 

A-4. (Existence of 0.) There is a unique number 0 such 

that X + 0 = X for every x. 

A-5. (Existence of Negatives.) Por each x there is a 
unique number -x such that x + (-x) = 0. 

M-1. (Closure under Multiplication.) xy is always a real 
number. 

M-2. (Associative Law for Multiplication.) x(yz) = (xy)z. 

ft 

M~3. (Commutative Law for Multiplication.) xy = yx. 

M-4. (Existence of 1.) There is a unique number 1 such 

that X'l = X for every x. 

M-5. (Existence of Reciprocals.) Por each number x other 
than 0 there is a unique number ^ such that x-^ = 1. 

D. (Distributive Law.) x(y + z) = xy + xz. 

The following basic theorems will illustrate how these pos- 
tulates are used in simple cases. 

Theorem II-l . If b = -a, then -b = a. 

Proof: By A-5, b = -a means the same as a + b = 0. By 

A-3 this is the same as b + a = 0. By A-5, this is the same as 

a = -b. 

Another way of stating this theorem is that -(-a) = a. 
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Theorem II-2 . 
Proof: 


For any a, 
a » a*l 


a-0 


“ a (l + o) 

® a • 1 + a* 0 
» a + a * 0 

Hence hy (A-H), a<0 » 0. 
Theorem II-3 . a(-b) ■* -(ab). 

Proof: 


0 . 


(M-4) 

(A-4) 

(D) 

(M-4) 


ab + a(-b) = a[b + (-b)] 
=w a. • 0 

5 = 0 


(D) 

(A-5) 

(Th. II-2) 


Hence by A-4, a(-b) « -(ab). 

As a special case of this theorem we have a(-l) = -a. 
Peflnltlon . x - y shall mean x + (-y). Note that by this 
definition a - a = 0. 

Theorem II-4 . If a + b » c, then a » c - b. 

Proof: If a + b » Cj then 

(a + b) + (-b) a c + (-b) 

(a + b) + (-b) = a + [b + ’(-b)] (A-2) 

a a + 0 (A-5) 

a a (A-4) 

Hence a=c+(-b)=c-b by definition. 

Theorem 11-5 . If ab = 0, then either a a o or b = 0. 
Proof: To prove the theorem It will be enough to show that 
If a / 0 then b = 0. So suppose a / 0. Then i exists, by 

a 

M-5. Therefore, 

I (ab) = i.O a 0 ^ (Th. A-II-P) 


also. 


~ (ab) - (i-a) b 

(M-2) 

= l.b 

(M-5) 

= b'l 

(M-3) 

= b 

(M-4) 


Therefore b = 0. 
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Theorem 11-6 , (Cancellation Law.) If ab = ac and a 0 
then b = c . 

Proof: If ab = ac then ab - ac = 0. By Theorem A-I,I-3 
this is the same as ab + a(-c) = 0, or, by D, as a(b - c) = 0. 
Since a 7 ^ 0 we get, by applying Theorem II-5, that b - c = 0. 
Hence b = c . 

These are Just a few examples of the use of the postulates in 
proving basic algebraic theorems. Ordinarily we don't use the 
postulates directly but make use of such properties as those 
stated in Theorems II -4 and II -6 in our algebraic work. 

Problem Set II 

1. Prove each of the following theorems. 

a. (-a) (-b) = ab. 

b . a(b-c ) = ab - ac . 

c. If a - b = c, then a = b + c. 

d. (a + b) (c + d) = ac + ad + be + bd. (Hint: As a first 
step apply D, regarding (a + b) as a single number.) 

2. Given the definitions: 

= XX, 

'2 =1 + 1 , 

prove that 

(a + b)^ = a® + 2 ab + b^. 

3. Prove: (a + b) (a-b) = a^ - b^, 

4. Definition: | = ab"^. 

Prove each of the following: 


a. 

(ab) 

= a 



a c 

ac 


b . 

T-Z 

= ¥¥• 



a 

ac 


c • 

¥ = 

¥¥■ 


d. 

(-a) 

"1 

(a"^) 


a 

-a 

a 

e . 

-¥ = 

T = ' 

-¥ • 


a , 

c a 

+ c 

f . 

¥ + 

¥ 

¥“ 


a , 

c ad 

i + be 

s. 

¥ + 


¥3 
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Appendix III 

RATIONAL AND IRRATIONAL NUMBERS 


III-l. How to Show That a Number is Rational . 

By definition a number Is rational if It is the ratio of two 

integers. Therefore, it we want to prove that a number x is 

rational, we have to produce two integers p and q, such that 

£ = X. Here are some examples: 

13 

(1) The number x = ^ + y is rational, because 

13^7 + 6^ 13 
2 7 l4‘ Pi ■ 

Therefore x = ■^, where p = 13 and q = l4. 

(2) The number x = 1.23 is rational, because 
I 23 - 

which is the ratio of the two Integers 123 and 100. 

(3) If the number x is rational, then so Is the number 2x. 

(That is, twice a rational number is always rational.) For if 

x = ^, 

q 

where p and q are Integers, then 

2X = ^ , 

where the numerator 2p and the denominator q are both integers, 

(4) If the number x is rational, then so is the number 


X + §. 


For if 


X , 

q 


where the numerator and denominator are both integers. 

2 

(5) If X is a rational number, then so is x +, x. For if 
then P 2 

,2 + ^ p + E . 

q q 


where the numerator and denominator are Integers. 
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Problem Set lll-l 

1. Show that .2351 la a rational number. 

2. Show that ^ ^ is rational. 

3. Show that If x la a rational number, then bo Is x - 5 

4. Show that If X is rational, then so la 2x - 7. 

1 1 

5. Show that ^ + -JY is rational. 

6. Show that the sum of any two rational numbers Is a 
rational numoer. 

7. Show that ('^) (■^) is rational. 

8. Show that the product of any two rational numbers la a 

rational number. 

3 23 

g. Show that +-^ is rational, 

10. Show that the quotient of any two rational numbers is a 
rational number, as long as the divisor Is not zero, 

11. Given that Is Irrational, show that'^^ Is also 
Irrational, (Hint: This problem Is a lot easier, now 
that you understand about Indirect proofs . ) 

12. Given that ir Is irrational, show that ^ Is also 
irrational . 

13. Show that the reciprocal of every rational number dif- 
ferent from zero Is rational, 

14. Show that the reciprocal of every Irrational number dlf 
ferent from zero is Irrational. 

15. Is It true that the sum of a rational nimiber and an ir- 
rational number is always irrational? Why or why not? 

16. Is It true that the sum of two Irrational numbers is 
always irrational? Why or why not? 

17 . How about the product of a rational number and an ir- 
rational number? 
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III-2. Some Examples of Irrational Numbers . 

In the previous section, we proved that under certain condi- 
tions a number must be rational. In some of the problems, you 
showed that starting; with an irrational number we could get more 
irrational numbers in various ways. In all this we left one very 
important question unsettled: are there any irrational numbers? 

We shall settle this question by showing that a particular number, 
namelyv^^^ cannot be expressed as the ratio of any two Integers. 

To prove this, we first need to establish some of the facts 
about squares of odd and even integers. Every Integer is either 
even or odd, If n is even, then n is twice some Integer k, 
and we can write 

n = 2k. 

If n is odd, then when we divide by 2 we get a quotient k and 
a remainder 1, so that 

— = k + — 

Therefore, we can write 

n = 2k + 1. 

These are the typical formulas for even numbers and odd numbers 
respectively. For example, 

6=2’3 n=6,k=3 

7 = 2-3 + 1 n = 7, It = 3 

8 = 2'4- n = 8,k=i|- 

9 = 2-4- + 1 n = 9, It = 4, 

and so on. The following theorem is easy to prove: 

Theorem III-l . The square of every odd number is odd. 

Proof: If n is odd, then we can write 

n = 2k + 1, 

where k is an integer. Squaring both sides, we get 

n^ = (2k)^ + 2.2k + 1 
= 4k^ + 4k + 1. 

The right-hand side must be odd, because it is written in the form 

2- [2k^ + 2k] +1; 

2 

'that is, it is twice an Integer, plus 1 . Therefore, n is odd, 
which was to be proved. 
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From Theorem lll-l we can quickly get another theorem: 

2 

Theorem III-2. If n Is even, then n is even. 

2 

Proof; If n were odd, then n would be odd, which is 
false. Therefore n la even. 

Notice that this la an indirect proof. 

We are now ready to begin the proof of 

Theorem III -3 . is irrational. 

Proof; The proof will be indirect. We begin by making the 
aaaxunption that ^/2" la rational. We will show that this leads to 
a contradiction. 

Step 1. Supposing that -/i" is rational, it follows that 2 
can be expressed as 

where the fraction ^ is in lowest terms, 

^ r- 

The reason is that if ^2 can be expressed as a fraction at 
all, then we can reduce the fraction to lowest terms by dividing 
out any common factors of the numerator and denominator. 

We therefore have 


In lowest terms. This gives 
which in turn gives 





p 

Step 2. p is even. 

2 

Because p is twice an integer. 

Step 3 , pis even. 

By Theorem III-2. 

We therefore set p = 2k. Substituting in the formula at the 
end of Step 1, we get 

(2k)® « 2q® , 

which means that 

4k® = 2q® . 

Therefore 


q 


2 


2k® 
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n 

step 4. q is even. 

2 

Because q is twice an integer. 

Step 5. q is even. 

By Theorem III-2. 

We started by assuming that */ 2 was rational . Prom this we 
got in lowest terms. Prom this we have proved that p 

and q were both even. Therefore £ was not in lowest terms, 
after all. This contradiction shows that our initial assumption 
must' have been wrong, that is, ^/2" must not be rational. 

Problem Set III-2 

These problems are harder than most of the problems in the 

text . 

1 . Adapt the proof that is Irrational, so as to get a 
proof that^/T is irrational. (Hint: Start with the fact that 
every Integer has one of the forms 

n = 3k 
n = 3k + 1 
n = 3k + 2, 

and then prove a theorem corresponding to Theorem 111-2.) 

2. Obviously nobody can prove that is irrational, be- 
cause vT= 2. If you try to "prove" this by adapting the proof 
forv^j at what point does the "proof" break down? 

3. Show that ^^2 is irrational. 

Actually, the square root of an integer is either another 
integer or an irrational numberj that is, either "comes out 
very even" or "comes out very uneven." The proof of this fact, 
however, requires more mathematical technique than we now have at 
our disposal. Problems like this are solved in a branch of mathe 
matlcs called the Theory of Numbers. 
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Appendix IV 

SQUARES AND SQUARE ROOTS 


Everybody knows What It means to square a number: you multiply 
the number by Itself. The facts about square roots, however, are 
considerably trickier, and the language in which most people talk 
about them is very confusing. Here we will try to state the facts 
and point out the pit-falls. 


To say that x ^ 

a square root of 

a 

means that 


= a. 



For example, 




2 

is a square root 

of 


3 

is a square root 

of 

9, 

-2 

is a square root 

of 


-3 

Is a square root 

of 

9, 


and so on. You may wonder why we did not abbreviate these state- 
ments by using radical signs. The reason (as we shall soon see) 
is that radical signs mean something slightly different. 

The following is a fundamental fact about the real number 
system; 

Every positive number has exactly one positive 
square root . 

2 

For example, 2 =4, and no other positive number is a root 
2 2 

of the equation x = 4. 4 = l6, and no other positive number 

2 

is a root of the equation x = l6, And so on. 

Of course, if x is a square root of a, then so is -x, 

2 2 

because (-x) = x . Therefore every positive number has exactly 

two square roots, one positive and the other negative. The mean- 
ing of the radical sign is defined this way: 

If a is positive, then^T denotes the positive 
square root of a. 
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We provide further thatVo « 0. 

For example, 

>/? => 2, 

“ 3 , 

VTS » 4 f 

and so on, To indicate the other square root -- that is, the 
negative one --we simply put a minus sign in front of the radical 
sign. For example! 

4 has two square roots, 2 and -2. 

3 has two square roots, yST and - ./T. 

7 has two square roots, ^7* and 

The following two statements look alike, but in fact they are 
different: 


(1) X is a square root of 

(2) X =/F. 


a, 


a. 


The first statement means merely that x 

O 

statement means not only that x » a, but also that 


The second 
X ^ 0. 

Therefore the second statement is not simply a short-hand form of 
the first. 

Let us now Investigate the expresslonvx'^, where x is not 
equal to zero, There are two possibilities! 

I, If X > 0, then X is the positive square root of 
and we can write 




= X. 


II. If X < 0, then 


X®, 


is the negative square root of 

and it is -x that is the positive square root of x^. Therefprei. 
for X < 0, we have 


X = ~x. 

The equatlonVx^ a x looks so appealing that it seems almost 
like a law of nature. In fact, however, this equation holds true,; 
only half of the time : it is always true when x ^ 0, and it is 
never true when x < 0. 
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Fitting together cases I and II, we see that for every 
without exception we have 



To see this, you should check it against the definition of [x 
Section 2-3. 


X 


in 


Problem Set IV 

Which of the following statements are true? Why or Why not? 

1, /9 = 3. 

2, yv = -3. 

3, /2 = t l.lull', (Approximately.) 

•fi = (Approximately.) 

5. i 5. 

6. /55 = 5. 

For what valuea of the unknowns (if any) do the following 
equations hold true'’ Why? 

7. V jx - l)^ = X - 1. 

8. 1 

9. y(x - 1)^ = lx - ii. 

10. Jx - l)^ -•= -|x - ij. 

11. y(x + 3)^ = (x f 3)^ 

12. y(x + 3)|| = -(x + 3)^ . 

13. ^ /x + 3)|^ = l(x f 3)^1 . 

14. ~ |(x + 3)^ 




Appendix V 

HOW TO DRAW FIGURES IN 3 -SPACE 


V-1. Simple Drawing . 

A course in mechanical drawing Is concerned with precise rep- 
resentation of physical objects seen from different positions in 
space, In geometry we are concerned with drawing only to the ex- 
tent that we use sketches to help us do mathematical thinking, 
There is no one correct way to draw pictures In geometry, but 
there are some techniques helpful enough to be in rather general 
use. Here, for example, Is a technically 
correct drawing of an ordinary pyramid, 
for a person can argue that he Is looking 
at the pyramid from directly above. But 
careful ruler drawing is not as helpful 
as this very crude free-hand sketch. The 
first drawing does not suggest 3-space; 
the second one does. 

The first part of this discussion offers suggestions for 
simple ways to draw 3 -apace figures. The second part introduces 
the more elaborate technique of drawing from perspective . The 
difference between the two approaches is suggested by these two 
drawings of a rectangular box. 





In the first drawing the base Is shown by an easy-to-draw parall- 

i 

elogram. In the second drawing, the front base edge and the back 
base edge are parallel, but the back base edge is drawn shorter 
under the belief that the shorter length will suggest "more remote 
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No matter how a rectangular box la dravm, some sacrifices 
must bo made. All angles of a rectangular solid are right angles 
but In each of the drawings shown above two-thirds of the angles 
do not come close to Indicating ninety degrees when measured with 
a protractor. We are willing to give up the drawing of right 
angles that look like right angles in order that we make the 
figure as a whole more suggestive. 

You already know that a plane la generally pictured by a 
parallelogram. 

It seems reasonable to 
draw a horizontal plane In either 
of the ways shown, and to draw a vertical plane like this, y 

If we want to indicate two parallel planes, however, we can not 
be effective if we Just draw any two "horizontal" planes. Notice 
how the drawing to the right below Improves upon the one to the 
left, Perhaps you prefer still another kind of drawing. 





Various devices are used to Indicate that one part of a fig- 
ure passes behind another part. Sometimes a hidden part Is 
simply omitted, sometimes it Is Indicated by dotted lines. Thus 
a line piercing a plane may be drawn in either of the two ways: 
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Two Intersecting planes are illustrated by each of these drawings. 



The second is better than the first because the line of inter- 
section is shown and parts concealed from view are dotted. The 
third and fourth drawings are better yet because the line of in- 
tersection is visually tied in with plane P as well as plane Q 
by the use of parallel lines in the drawing. 

Here is a drawing which has the advantage 
of simplicity and the disadvantage of 
suggesting one plane and one half-plane. 

In any case a line of intersection is a 
particularly Important part of a figure . 

Suppose that we wish to draw two intersecting planes each 
perpendicular to a third plane. An effective procedure is shown 
by this step-;by-step development. 






Notice how the last two planes drawn are built on the line of 
intersection. A complete drawing showing all the hidden lines is 
Just too Involved to handle pleasantly. The picture below is much 
more suggestive. 
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A dlwe^ from different angles ^ looks like this*. 



Neither the first nor the last Is a good picture of a circle in 
3-Bpaoe, Either of the others is aatlafactory. Wie thinner ova: 
is perhaps better to use to represent the base of a cone. 


Certainly nobody should expect us to 
below as a cone , 



interpret the figure shown 


A few additional drawings, with 
shown. 

A line parallel to a plane. 


verbal descriptions, are 

zf^ 


A cylinder cut by a plane 
parallel to the base . 
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A cylinder cut by a plane 
not parallel to the base. 




A pyramid cut Py a plane 
parallel to the base. 
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It Is Important to remember that a drawing is not an end in 
itself but simply an aid to our understanding of the geometrical 
situation. We should choose the kind of picture that will serve 
us best for this purpose, and one person's choice may be different 
from another. 

V-2. Perspective . 

The rays a, b, Cjd, e, f in the left-hand figure below 
suggest Goplanar lines intersecting at V; the corresponding rays 
in the right-hand figure suggest parallel lines in a three-dimen- 
sional drawing. Think of a railroad track and telephone poles as 



The right-hand figure suggests certain principles which are useful 
in making perspective drawings. 


1) A set of parallel lines which recede from the viewer are 
drawn as concurrent rays; for example, rays a, b, c, d, e, f. 

The point, on the drawing, where the rays meet is known as the 
"vanishing point". 

2 ) Congruent segments are drawn smaller when they are 
farther from the viewer, (Find examples in the drawing.) 
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3) Parallel lines which are perpendicular to the line of 
sight of the viewer are shown as parallel lines in the drawing. 
(Find examples in the drawing.) 

A. person does not need much artistic ability to make use of these 
three principles, 

The steps to follow in sketching a rectangular solid are 


shown below, 



Draw the front face as a 
rectangle , 

Select a vanishing point and 
dravr segments from it to the 
vertices. Omit segments that 
cannot be seen. 


Draw edges parallel to those of 
the front face , Finally erase 
lines of perspective. 


Under this technique a single horizontal plane can be drawn 


as the top face of the solid shown above , 

i 

r 



A single vertical plane can be represented by the front face or 
the right-hand face 
of the solid, 

After this brief account of two approaches to the drawing of 
figures in 3 -apace we should once again recognize the fact that 
there is no one correct way to picture geometric Ideas. However, 
the more "real" we want our picture to appear, the more attention 
we should pay to perspective. Such an artist as Leonardo da Vinci 
paid great attention to perspective. Most of us find this done for 
us when we use ordinary cameras. 

See some books on drawing or look up "perspective" In an en- 
cyclopedia If you are Interested In a detailed treatment. 
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Appendix VI 

PROOFS OF THEOREMS ON PERPENDICULARITY 

In Section 8-3 two theorems are stated, which, between them, 
cover all cases of existence and uniqueness Involved in the per- 
pendicularity of a line and a plane. As stated there, eight 
separate items must be proved to establish the proofs of these 
two theorems. Here we will state these items and prove those 
which have not already been proved, 

We first restate the two theorems. 

Theorem 8-9 . Through a given point there is one and only 
one plane perpendicular to a given line . 

Theorem 8-10 . Through a given point there is one and only 
one line perpendicular to a given plane . 

We now consider the eight proofs, in a systematic order. 

Read the statements carefully, for there are only slight differ- 
ences in their wording; the presence or absence of a "not", the 
substitution of "most" for "least", or the interchange of "line" 
and "plane", 

Theorem VI-1 . Through a given point on a given line there is 
at least one plane perpendicular to the line. 

This is Theorem 8-4, which is proved in the text. 

Theorem VI-2 . Through a given point on a given line there is 
at most one plane perpendicular to the line. 

This is Theorem 8-6, which is proved in the text. 





Theorem VI-3 . Through a given point not on a given line 
there ia at least one plane perpendicular to the given line, 

Given! Line L and point P not on L, 

To prove: There is a plane E through Pj with E L, 


Proof: 

(1) There is a line M through P perpendicular to L 
(Theorem 6-4) . Let M and L interseot at Q, and 
lie in the plane P (Theorem 3-4) . 

(2) Ihere le a point R (Figure 2) not In P (Postulate 5b). 
Let 0 be the plane containing L and R (Theorem 3-3), 

(3) In G there la a line N perpendicular to L at Q 
(Theorem 6-1) . 

(4) Let E be the plane containing M and N. Then E _[ L 
by Theorem 0-3, 

Theorem VI-4 , Through a given point not on a given line there 
is at most one plane perpendicular to the given line. 

Proof: Suppose that there are two planes and Eg. each 

perpendicular to line L and each containing point P, If B-|_ 
and Eg intersect L in the same point Q, we have two planes 
perpendicular to L at Q, and this contradicts Theorem VI-2. 
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On the other hand, if E-, and Intersect L in distinct 

points A and B, then PA and PB are distinct lines through 
P perpendicular to L, contradicting Theorem 6-4. Either way, 
we get a contradiction, and so we cannot have two planes through 
P perpendicular to L. 

This finishes the proof of Theorem 8-9. The next four 
theorems, which read like the previous four with "line" and 
"plane" interchanged, will prove Theorem 8-10. 

Theorem VI-5 ■ Through a given point in a given plane there 
is at least one line perpendicular to the plane, 



Proof: Let P he a point in plane E. By Postulate 5a 

there is another point Q in E. Let plane F he perpendicular 

to PQ, at P (Theorem VI-l) . 

Since F intersects E (at P) their intersection is a 

line Mj hy Postulate 8. Let L be a line in F, perpendicular 

to M (Theorem 6-1) . 

Since F PQ, and L lies in F and contains P, we 
have, from the definition of a line perpendicular to a plane, that 
L J_ PQ. Also, from above, L J_ M. Hence L J_ E, by Theorem 8-4. 

Theorem VI-6 . Through a given point in a given plane there 
is at most one line perpendicular to the given plane. 

Proof: Suppose L^ and L^ are distinct lines, each per- 

pendicular to plane E at point P. L^ and L^ determine a 
plane F (Theorem 3-4) which intersects E in a line . L. In F, 
we then have two perpendiculars to L at the same point P, con- 
tradicting Theorem 6-1. 
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Theorem VI-7 . Through a given point not in a given plane 
there is at least one line perpendicular to the given plane. 



Proof: Let P he a point not in plane E. Let A he any 
point of E, and M a line through A perpendicular to E 
(Theorem VI-5) . 

If M contains P it la the desired perpendicular. 

If M does not contain P let P be the plane containing 
M and P (Theorem 3-3), and N the line of intersection of F 
and E. In P let B be the foot of a perpendicular from P 
to N (Theorem 6-4) . 

Let line L be perpendioular to E at B (Theorem VI-5) . 
By Theorem 8-8, L and M are ooplanar, and hence, L lies In 
P since M and B determine P. 

In P, L N, since L E and N lies in E. Since by 

Theorem 6-1 the re is only one line in P perpendicular to N at 

B, L and BP must coincide. That is, L contains P and so 

is the desired perpendicular. 

Theorem VI-8. Through a given point not in a given plane 
there Is at most one line perpendicular to the given plane. 

The proof is word for word the same as that of Theorem VI-6, 
except for the replacement of "at point P" by "from point P" 
and of "Theorem 6-1" by "Theorem 6-3". 
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General . 


The Meaning and Use of Symbols 


>. A = B can be read as "A equals B"j "A is equal to B", 

"A equal B" (as In "Let A = B"), and possibly other 
ways to fit the structure of the sentence in which the 
symbol appears. Howeverj we should not use the symbol, 

= , in such forms as "A and B are ="; its proper use is 
between two expressions . If two expressions are connected 
by "=" it is to be understood that these two expressions 
stand for the same mathematical entity, in our case either 
a real number or a point set, 

"Not equal to". A B means that A and B do not 
represent the same entity. The same variations and 
cautions apply to the use of ^ as to the use of =. 

Algebraic . 

+ , •, . These familiar algebraic symbols for operating 

with real numbers need no comment. The basic postulates 
about them are presented in Appendix II. 

<, >1 <1 Like =, these can be read in various ways in 

sentences, and A < B may stand for the underlined part 
of "if A is less than b ", "Let A be less than B ", 

" A leas than B implies ", etc. Similarly for the other 
three symbols, read "greater than", "less than or equal 
to", "greater than or equal to". These inequalities apply 
only to real numbers. Their properties are mentioned 
briefly in Section 2-2, and in more detail in Section 
7-2. 

Va, |a|. "Square root of A" and "absolute value of A". 
Discussed in Sections 2-2 and 2-3 and Appendix IV. 
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Geometric . 


point Seta, ft single letter may stand for any suitably described 
point set. Thus we may apeak of a point ?, a line m, a 
half-plane H, a circle c, an angle x, a segment bj etc. 

lit. The line containing the two points A and B (P, 30). 

7CE. The segment having A and B as end-points (p. 45). 

iS, The ray with A as its end-point and containing 
point B (P. 45) . 

/ABC. The angle having B as vertex and Bit and W as 
aides (P. 71). 

A ABC. The triangle having A, B and C as vertices (p. 72). 

/ A-BC-D. The dihedral angle having as edge and with sides 
containing A and 0 (p, 299). 

Real Numbers . 

AB- The positive number which is the distance between the two 
points A and B, and also the length of the segment SB 
(P. 34). 

m/ABC, The real number between 0 and 180 which is the 
degree measure of /ABC (P. 00). 

Area R. The positive number which is the area of the polygonal 
region R (p. 320) . 

Relations . 

= . Congruence, A = B is read "A is congruent to B", but 

with the same possible variations and restrictions as 
A a B. In the text A and B may be two (not necessarily 
different) segments (p. 109), angles (P. 109 ) j or 
triangles (p. 111). 

J_ Perpendicular, A B is read "A Is perpendicular to B", 

with the same comment as for ». A and B may be either two 
lines (p. 86) j two planes (p. JOl)^ or a line and a plane 
(P. 219) . 
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List of Postulates 


Postulate 1. (P. 30) Given any two different points, 

there Is exactly one line which contains both of them. 

Postulate 2 . (p. 34) (The Distance Postulate.) To every 

pair of different points there corresponds a unique positive 
number , 

Postulate 3 . (P. 36) (The Ruler Postulate.) The points 

of a line can be placed In correspondence with the real numbers 
in such a way that 

(1) To every point of the line there corresponds exactly 
one real number, 

(2) To every real number there corresponds exactly one 
point of the line, and 

(3) The distance between two points Is the absolute value 
of the difference of the corresponding numbers , 

Postulate 4 . (P. 4o) (The Ruler Placement Postulate.) 

Given two points P and Q of a line, the coordinate system 
can be chosen in such a way that the coordinate of P Is zero 
and the coordinate of Q is positive. 

Postulate 5 . (P- 5^) (a) Every plane contains at least 

three non-colllnear points. 

(b) Space contains at least four non-coplanar points. 

Postulate 6 . (p. 56) If two points lie in a plane, then 

the line containing these points lies in the same place. 

Postulate 7 . (P. 57 ) Any three points lie In at least one 

plane, and any three non-colllnear points lie in exactly one 
plane. More briefly, any three points are coplanar, and any 
three non-colllnear points determine a plane. 

Postulate 8 . (P. 58) If two different planes intersect, 

then their Intersection Is a line. 

Postulate 9. (P. 64) (The Plane Separation Postulate.) 

Given a line and a plane containing it, the points of the plane 
that do not lie on the line form two sets such that 

(1) each of the sets la convex and 

(2) if P Is in one set and Q is In the other then the 
segment "Fq intersects the line. 

e 



postulate 10 . {P. 66) (The Space 3epai*ation Postulate.) 

The points of space that do not lie in a given plane form two 
sets such that 

(1) each of the gets is convex and 

(2) if P is in one set and Q is in the othePj then 
the segment PQ Intersects the plane. 

postulate 11 , (P. 8o) (The Angle Measurement Postulate.) 

To every angle ^AC there correaponds a real number between 
0 and l8o. 

postulate 12 . (P. 8l) (The Angle Construction Postulate.) 

Let be a ray on the edge of the half-plane H, For every 
number r between 0 and l8o there is exactly one ray A?, 
with P in Hj such that m^PAB = r. 

postulate 13 . (P. 6l) (The Angle Addition Postulate.) 

If D is a point in the interior of ^AC, then 
m^AC = m^AD + m^DAC. 

Postulate 14 . (p. 82) (The Supplement Postulate.) If two 

angles form a linear pairj then they are supplementary. 

Postulate 15 . (P. 115) (The S.A.S. Postulate.) Given a 

correspondence between two triangles (or between a triangle 
and Itself) . If two sides and the included angle of the first 
triangle are congruent to the corresponding parts of the second 
triangle, then the correspondence is a congruence, 

Postulate l6 . (p, 252) (The Parallel Postulate.) Through 

a given external point there is at moat one line parallel to a 
given line. 

Postulate 17 . (p. 320) To every polygonal region there 

corresponds a unique positive number. 

Postulate 18 . (p , 520) If two triangles are congruent, 
then the triangular regions have the same area, 

Postulate 19 . (P. 320 ) Suppose that the region R is the 

union of two regions and • Suppose that R^ and Rg 

intersect at moat In a finite number of segments and points. 

Then the area of R is the sum of the areas of R^ and Rg- 

Postulate 20 . (P, 522) The area of a rectangle is the 

product of the length of its base and the length of its altitude. 
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Postulate 21 ■ (P. 5^6) The volume oi’ a rectangular 

parallelepiped is the product of the altitude and the area of 
the base . 

Postulate 22 . (P. 5^9) (Cavalleri'-e Principle.) Given two 

solids and a plane. If for every plane which intersects the 
solids and is parallel to the given plane the two intersections 
have equal areas, then the two solids have the same volume. 




List of Theorems and Corollaries 

Theorem 2-1 . (P . 4-2) Let A, B, C be three points of a 
line, with coordinates x, y, z. If x < y < z, then B is 
between A and C. 

Theorem 2-2 . (P. 43) Of any three different points on the 

same line, one is between the other two. 

Theorem 2-3 . (P. 44) Of three different points on the same 

line, only one la between the other two. 

Theorem 2-4 . (P. 46) (The P.olnt Plotting Theorem.) Let 

AB be a ray., and let x be a positive number. Then there Is 
exactly one point P of AB such that AP = x. 

Theorem 2-5 . (P. 47) Every segment has exactly one mid- 

point . 

Theorem 3-1 , (P. 55) Two different lines Intersect in at 

most one point. 

Theorem 3-2 . (P. 56 ) If a line intersects a plane not 

containing it, then the intersection is a single point. 

Theorem 3-3 . (P. 57) Given a line and a point not on the 

line, there Is exactly one plane containing both of them. 

Theorem 3-4 . (P. 58 ) Given two intersecting lines, there 

is exactly one plane containing them. 

Theorem 4-1 . (P. 07) If two angles are complementary, then 

both of them are acute. 

Theorem 4-2 . (P. 87 ) Every angle is congruent to itself. 

Theorem 4-3 . (P. 87 ) Any two right angles are congruent. 

Theorem 4-4 . (P. 87 ) If two angles are both congruent and 
supplementary, then each of them is a right angle. 

Theorem 4-5 . (P. 87 ) Supplements of congruent angles are 

congruent . 
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— Complementa of congruent angles are 
congruent, 

^-7 .- (P- 86) Vertical angles are congruent. 

89) If two intersecting lines form one 
right angle, then they form four right angles. 

^-1 . (p. 109) Every segment la congruent to itself. 

^eorem ^-g . (p. 127) if two sides of a triangle are 
congruent, then the angles opposite these sides are congruent. 

Corollary ^-2~1 . (p. 128) Every equilateral triangle is 

equiangular. 

^ _ eqrem ^-3 . (p. 129) Every angle has exactly one bisector. 

132) (The A. E. A. Theorem.) Given a 
correspondence between two triangles (or between a triangle and 
Itself) . If two angles and the Included side of the first tri- 
angle are congruent to the corresponding parts of the second 
triangle, then the correspondence is a congruence. 

31.^®orem (p. 133) if angles of a triangle are 

congruent, the sides opposite these angles are congruent. 

C orollary ; j-^- _ l . (p. 133) An equiangular triangle is 

equilateral . 

^ eorem g- 6 . (p. 137 ) (ihe S.S.S. Theorem.) aiven a 

oorreapondenee tet»een two trlanglea (or between a triangle and 

self.) If all three palre of eorreapondlng sides are eongruent, 
then the oorroapondenoe Is a oongruenoe. 

rn eorem 6-1 . (p. 167) in a given plane, through a given 

pelnt or a given line of the plane, there paeses one and only ona 
line perpendicular to the given line. 

169) The perpendleular blaeetor of a 
segment. In a plane. Is the aet of all points of the plane that 
are equidistant from the end-polnta of the segment. 
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Theorem 6-3 . (P. 171 ) Through a given external point there 

is at most one line perpendicular to a given line. 

Corollary 6-3-1 . (P , 172) At most one angle of a triangle 
can be a right angle. 

Theorem 6-4 . (P. 172) Through a given external point there 

is at least one line perpendicular to a given line. 

Theorem 6-5 . (p. I83) If M is between A and C on a 

line L, then M and A are on the same side of any other line 

that contains C . 

Theorem 6 - 6 . (P. I 83 ) If M Is between A and C, and 

^ 

B is any point not on line AC, then M is In the Interior of 
l_ ABC. 

Theorem 7-1 ■ (?• 193) (The Exterior Angle Theorem.) An 

exterior angle of a triangle Is larger than either remote Interior 
angle . 

Corollary 7-1-1 . (P.'196) If a triangle has a right angle, 

then the other two angles are acute. 

Theorem 7-2 . (P. 197) (The S.A.A. Theorem.) Given a 

correspondence between two triangles . If two angles and a side 
opposite one of them In one triangle are congruent to the corres- 
ponding parts of the second triangle, then the correspondence is 
a congruence. 

Theorem 7-3 . (P. 198) (The Hypotenuse - Leg Theorem.) 

Given a correspondence between two right triangles . If the 
hypotenuse and one leg of one triangle are congruent to the 
corresponding parts of the second triangle, then the correspondence 
Is a congruence. 

Theorem 7-4 . (P. 200) if two sides of a triangle are not 

congruent, then the angles opposite these two sides are not 

I 

congruent, and the larger angle is opposite the longer side. 

Theorem 7-5 . (P. 201) If two angles Of a triangle are not 
^ congruent, then the sides opposite them are not congruent, and 
the longer side is opposite the larger angle. 
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Theorem 7-6 . (P. 20b) The shortest segment Joining a point 

to a line is the perpendicular se^ent. 

Theorem 7-7 . (P. 206) (The Triangle Inequality.) The sum 

of the lengths of any two sides of a triangle la greater than the 
of the third aide. 

Theorem 7-8 . (P. 210) If two sides of one triangle are 

congruent respectively to two sides of a second triangle, and 
the included angle of the first triangle is larger than the 
included angle of the second, then the opposite side of the 
first triangle is longer than the opposite side of the second. 

Theorem 7~9 - (P. 211) If two sides of one triangle are 

congruent respectively to two aides of a second triangle, and 
the third aide of the first triangle is longer than the third 
side of the second, then the included angle of the first triangle 
is larger than the included angle of the second. 

Theorem 8-1 . (P. 222) If each of two points of a line is 

equidistant from two given points, then every point of the line 
is equidistant from the given points. 

Theorem 8-2 . (p. 225) If each of three non-collinear 

points of a plane is equidistant from two points, then every 
point of the plane is equidistant from these two points. 

Theorem 6-3 . (P. 226) If a line is perpendicular to each 

of two intersecting lines at their point of intersection, then 
it is perpendicular to the plane of these lines, 

Theorem 8^4 . (P, 250) Through a given point on a given 

line there passes a plane perpendicular to the line, 

Theorem 8-5 . (P, 251) if a line and a plane are perpendicu- 

lar, then the plane contains every line perpendicular to the 
given line at its point of intersection with the given plane. 

Theorem 8-6 . (P. 252) Through a given point on a given 

line there is at most one plane perpendicular to the line. 
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Theorem 8-7 . (p. 252) The perpendicular bisecting plane of 

a segment is the set of all points equidistant from the end- 
points of the segment. 

Theorem 8-8 . (P, 234) Two lines perpendicular to the same 

plane are coplanar, 

Theorem 8-9 . (P. 235) Through a given point there passes 

one and only one plane perpendicular to a given line . 

Theorem 8-10 . (P. 235) Through a given point there passes 

one and only one line perpendicular to a given plane ■ 

Theorem 8-11 . (P. 235) The shortest segment to a plane 

from an external point is the perpendicular segment. 

Theorem 9-1 . (P. 242) Two parallel lines lie in exactly 

one plane . 

Theorem 9-2 . (P. 242 Two lines in a plane are parallel 

if they are both perpendicular to the same line. 

Theorem 9-3 . (P. 244 ) Let L be a line, and let P be a 

point not on L. Then there is at least one line through P^ 
parallel to L. 

Theorem 9-4 . (P. 246) If two lines are cut by a transversal j 

and if one pair of alternate interior angles are congruentj then 
the other pair of alternate interior angles are also congruent. 

Theorem 9-5 . (P. 246 ) If two lines are cut by a transversal, 

and if a pair of alternate interior angles are congruent, then 
the lines are parallel. 

Theorem 9-6 . (P. 252 ) If two lines are cut by a transversal, 

and if one pair of corresponding angles are congruent, then the 
other three pairs of corresponding angles have the same property. 

Theorem 9-7 . (P, 252) if two lines are cut by a transversal, 

and if a pair of corresponding angles are congruent, then the 
lines are parallel. 

Theorem 9-8 . (P. 253 ) If two parallel lines are cut by a 

transversal, then then alternate interior angles are congruent. 
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Theorem 9-9 « (P< ) If two parallel lines are cut by a 

transversal, each pair of corresponding angles are congruent. 

Theorem 9-10 . (f ■ If two parallel lines are cut by a 

transversal, interior angles on the same side of the transversal 
are supplementary. 

Theorem 9-11 . (P. 2^3) In a plane, two lines parallel to 

the same line are parallel to each other, 

Theorom 9-12 . (P. 255) In a plane, if a line is perpendicu- 

lar to one of two parallel lines it is perpendicular to the other. 

Theorem 9-13 . (P. 258) The sum of the measures of the 

angles of a triangle Is l8o. 

Corollary 9-13-1 . (P. 259) Given a correspondence between 

two triangles. If two pairs of corresponding angles are congruent, 
then the third pair of corresponding angles are also congruent. 

Corollary 9-13-2 . (P. 260) The acute angles of a right 

triangle are complementary. 

Corollary 9-13“3 . (P. 260) Por any triangle, the measure of 

an exterior angle is the sum of the measures of the two remote 
interior angles . 

Theorem 9-l4 . (P. 265) Either diagonal divides a parallelo- 

gram into two congruent triangles . 

Theorem 9-15 • (P- 265) in a parallelogram, any two opposite 

aides are congruent. 

Corollary 9-15-1 . (P.266) if || Lg and if P and Q 

are any two points on L^, then the distances of P and 0 from 
Lg are equal , 

Theorem 9-16 . (p, 266 ) in a parallelogram, any two opposite 

angles are congruent. 

Theorem 9-17 . (P. 266) In a parallelogram, any two 

consecutive angles are supplementary, 
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Theorem 9-l8 . (P. 266) The diagonals of a parallelogram 

bisect each other. 

Theorem 9-19 - (P. 266) Given a quadrilateral in which both 

pairs of opposite aides are congruent. Then the quadrilateral is 
a parallelogram. 

Theorem 9-20 - (P- 266) If two sides of a quadrilateral are 

parallel and congruent, then the quadrilateral is a parallelogram. 

Theorem 9-21 . (P. 266) If the diagonals of a quadrilateral 

bisect each other, then the quadrilateral la a parallelogram. 

Theorem 9-22 . (P. 267) The segment between the mid-points 

of two sides of a triangle Is parallel to the third side and half 
as long as the third side. 

Theorem 9-23 . (P. 268) If a parallelogram has one right 

angle, then It has four right angles, and the parallelogram Is a 
rectangle . 

Theorem 9-24 . (P. 268 ) In a rhombus, the diagonals are 

perpendicular to one another. 

Theorem 9-25 . (P. 268 ) If the diagonals of a quadrilateral 

bisect each other and are perpendicular, then the quadrilateral 
Is a rhombus . 

Theorem 9-26 . (P. 276 ) If three parallel lines Intercept 

congruent segments on one transversal, then they Intercept 
congruent segments on any other transversal. 

Corollary 9-26-1 . (P. 277 ) If three or more parallel lines 

Intercept congruent segments on one transversal, then they 
Intercept congruent segments on any other transversal. 

Theorem 9-27 . (P. 279 ) The medians of a triangle are 

concurrent in a point two-thirds the way from any vertex to the 
mld-polnt of the opposite side. 

Theorem 10-1 . (P. 292) If a plane intersects two parallel 

planes, then It Intersects them In two parallel lines. 



Theorem 10"g . (P. 292) If a line la perpendicular to one of 

two parallel planes it is perpendicular to the other. 

Theorem 10-3 . (P. 29?) Two planes perpendicular to the 

same line are parallel. 

Corollary 10-3-1 . (P. 29^1) If two planes are each parallel 

to a third plane, they are parallel to each other. 

Theorem 10-4- . (P. 29**) Two lines perpendicular to the same 

plane are parallel. 

Corollary 10~4“1 . (P. 29**’) A plane perpendicular to one of 

two parallel lines la perpendicular to the other. 

Corollary 10-4-2 . (P. 29^) If two lines are each parallel 

to a third they are parallel to each other. 

Theorem 10-5 . (P. 295) Two parallel planes are everywhere 

equidistant. 

Theorem 10-6 . (P. ?01 ) Any two plane angles of a given 

dihedral angle are congruent. 

Corollary 10-6-1 . (P. 302) If a line is perpendicular to a 

; plane, then any plane containing this line is perpendicular to the 
given plane , 

Corollary 10-6~2 . (P. 302) if two planes are perpendicular, 

then any line in one of them perpendicular to their line of 
intersection is perpendicular to the other plane. 

Theorem 10-7 . (P. 307 ) The projection of a line into a 

plane is a line, unless the line and the plane are perpendicular. 

Theorem 11-1 . (p. 326) j^e area of a right triangle is half 

the product of its legs , 

Theorem 11-2 . (P. 328) The area of a triangle is half the 

product of any base and the altitude to that base. 

Theorem 11-3 . (p. 330) The area of a parallelogram is the 

product of any base and the corresponding altitude. 

Theorem 11-4 . (P. 33^ The area of a trapezoid is half the 

product of its altitude and the sum of its bases. 
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Theorem 11-5 . (P. 332) If two triangles have the same 

laltitude, then the ratio of their areas is equal to the ratio 
of their bases . 

Theorem 11-6 . (P. 332) If two triangles have equal altitudes 

,and equal bases , then they have equal areas. 

Theorem 11-7 . (P. 339) (The Pythagorean Theorem.) In a 

right triangle, the square of the hypotenuse is equal to the sum 
^ the squares of the legs. 

Theorem 11-8 . (P. 3^0) if the square of one side of a 

triangle is equal to the sum of the squares of the other two, 
then the triangle is a right triangle, with a right angle opposite 
the first side. 

Theorem 11-9 - (P. 3^6) (The 30 - 6o Triangle Theorem.) The 

hypotenuse of a right triangle is twice as long as the shorter 
leg if and only if the acute angles are 30° and 6o°. 

j Theorem 11-10 . (P.3^6) (The Isosceles Right Triangle 

iheorem.) A right triangle is isosceles if and only if the 
lypotenuse la -/i" times as long as a leg. 

Theorem 12-1 . (P.360) (The Basic Proportionality Theorem. ) 

[f a line parallel to one side of a triangle intersects the other 
two aides in distinct points, then it cuts off segments which are 
Droportional to these sides. 

Theorem 12-2 . (P.369) if a line intersects two sides of a 

triangle, and cuts off segments proportional to these two sides, 
then it is parallel to the third side. 

Theorem 12-3 . (P.57^) (The A. A. A. Similarity Theorem.) 

liven a correspondence between two triangles . If corresponding 
ingles are congruent, then the correspondence is a similarity. 

Corollary 12-3-1 . (P.376 ) (The A. A. Corollary.) Given a 

’orrespondenoe between two triangles . If two pairs of correspond- 
ing angles are congruent, then the correspondence is a similarity. 



C0| y.llary ia-3 _ - s. (p. 575) jp ^ p^r^lui „„ 

Of a triangle Intersects the other two sides m distinct 
then It cute oPP e tnian.le alMlat to the gti:n 

Tha ora., ia- 4 . (p. 376) (The S .A.S . Slmllamy Thsora., 1 

Olven a oorteaponaonce between two trlanglea . If two corre!' . 

anglea are congruent, and the Including aldea are prooortr 
then the eorrespondenoe la a aimHarlty. 

Th epran' 13-5 . (p, 573) (The S .S.S . Similarity Theorem ) - 

Ivan a ocrreapondance between two triangles . If oorreapondiL 
aldea are proportional, then the oorreapondenoe la a similarity 

to thTT^fr^’ ‘““Sle, the altitude 

the hypotenuse aeparatea the triangle Into two trlanglea which 

are similar both to each other and to the original trlangll. 

(p. 392) Given a right triangle and the 
altitude from the right angle to the hypotenuse: 

which altitude is the geometric mean of the segments into 
which it separates the hypotenuse. 

( 2 ) Either leg la the geometric mean of the hypotenuea and 
the aegment of the hypotenuea adjaoent to the 

Theorem 12 - 7 . -sioc; \ 

or two 

ponding aides. oorres- 

Theorem 1^-1. (p , 4 io) The intersection of a sphere with 

a plane through its center is a circle with the same center and 
radius . 

(f- '*1'*) atven a line and a circle In the 
some Plane, Let p be the center of the circle, and let F be 
the foot of the perpendicular from P to the line . Then either 
1 Every point of the line la outalde the circle, or 

clrcll I I'lr 

clrmp^.^ ^ intersects the 

n exactly two points, which are equidistant from P. 


r 



^ Corollary 13-2-1 ■ (P. 4l6) Every line tangent to C is 

Iperpsndicular to tho radius dravfn to the point of contact, 

; Corollary 13-2-2 . (P. 4l6) Any line in E, perpendicular 

;to a radius at its outer end, is tangent to the circle. 

I 

i Corollary 13-2-3 . (P. 4l6) Any perpendicular from the 

|Center of C to a chord bisects the chord. 

Corollary l‘3-2-4 . (p. 416) The segment Joining the center 

|of C to the mid-point of a chord is perpendicular to the chord. 

i Corollary 13-2-5 . (P. 4l6) In the plane of a circle, the 

fperpendlGular bisector of a chord passes through the center of 

Ithe circle , 

i 

^ Corollary 13 - 2 - 6 . (p. 4l7 ) If a line in the plane of a 

f 

’Circle intersects the interior of the circle, then it intersects 
the circle in exactly two points. 

Theorem 13-3 ■ (P. 417) In the same circle or in congruent 

Circles, chorda equidistant from the center are congruent. 

! Theorem 13-4 . (P. 417) In the same circle or in congruent 

fcirclea, any two congruent chords are equidistant from the center 

I 

i Theorem 13 “5 . (P. 424) Given a plane E and a sphere S 

jwith center P. Let P be the foot of the perpendicular segment 
from P to E. Then either 

(l) Every point of E is outside S, or 
^ ( 2 ) P is on S, and E is tangent to S at P, or 

; ( 5 ) F is inside S, and E Intersects S in a circle 

[With center P. 

j Corollary l'3-5-l . (P. 426) A plane tangent to S is 

|;perpendlcular to the radius drawn to the point of contact. 

I 

Corollary 13-5-2 . (P. 426) A plane perpendicular to a 

radius at its outer end is tangent to S. 

Corollary 13-5-3 . (P- 426) A perpendicular from P to a 

^hord of 3 bisects the chord. 
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Oorollary 13-5-4 , (p, 426) The segment Joining the center 

>£■ S to the midpoint of a chord Is perpendicular to the chord, 

Theorem 13-6 . (p. 431 ) If and are arcs of the 
lime circle having only the point B in common, and if their 
mien is an are then mS5 + inS3 = m^d. 

Theorem 13-7 , (P. 4^4) The measure of an inscribed angle 

is half the measure of its intercepted arc. 

Corollary 13"?-"! . (P. 437 ) An angle inscribed in a aeml- 

olrole is a right angle , 

Oorollary 13--7-2 . (P. 437) Angles inscribed in the same 

arc are congruent , 

Theorem 13-6 . (P. 44l) In the same circle or in congruent 

circles, if two chords are congruent, then so also are the 
corresponding minor arcs. 

Theorem 13-9 , (P. 44l) In the same circle or in congruent 

circles, if two arcs are congruent, then so are the corresponding 
chords . 

Theorem 13"10 . (P. 442) Given an angle with vertex on the 

circle formed by a secant ray and a tangent ray. The measure of 
the angle is half the measure of the intercepted arc . 

Theorem 13~11 . (P. 440) The two tangent segments to a 

circle from an external point are congruent, and form congruent 
angles with the line Joining the external point to the center 
of the circle . 

Theorem 13-12 . (p. 449) Given a circle C and an external 

point Q, let be a secant line through Q, intersecting C 
in points R and S; and let be another secant line through 
Q, intersecting C in points T and U. Then QR ■ QS « QU - QT. 

Theorem 13-13 ■ (P, 450) Given a tangent segment ^ to a 

circle, and a secant line through Q, intersecting the circle in 
points R and S. Then QR • QS = QT^. 
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Theorem 13-14 . (P. 451 ) If two chords intersect within a 

circle, the product of the lengths of the segments of one equals 
the product of the lengths of the segments of the other. 

Theorem l4-l . (p. 467 ) The hisector of an angle, minus its 

end-point, is the set of points in the interior of the angle 
equidistant from the sides of the angle. 

Theorem l4-2 . (P. 469) The perpendicular bisectors of the 

sides of a triangle are concurrent in a point equidistant from 
the three vertices of the triangle. 

Corollary 14-2-1 . (P. 470) There is one and only one circli 

through three non-collinear points . 

Corollary 14-2-2 . (P. 470) Two distinct circles can 

intersect in at most two points . 

Theorem l4-3 . (P. 470) The three altitudes of a triangle 

are concurrent . 

Theorem l4-4 . (P. 471) The angle bisectors of a triangle 

are concurrent in a point equidistant from the three sides. 

Theorem 14-5 . (P. 476) (The Two Circle Theorem) If two 
circles have radii a and b, and if c is the distance 
between their centers, then the circles Intersect in two points, 
one on each side of the line of centers, provided each of of a, 
bj c is less than the sura of the other two. 

Construction l4-6 . (P . 477) To copy a given triangle. 

Construction l4-7 . (P. 479) To copy a given angle. 

Construction l4-8 . (P. 48l) To construct the perpendicular 

bisector of a given segment. 

Corollary 14-8-1 . (P. 48l) To bisect a given segment. 

Construction l4-9 . (P . 482) To construct a perpendicular 

to a given line through a given point. 

Construction 14-10 . (P. 484) To construct a parallel to a; 

given line, through a given external point. 
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Gonittpucblon 14-11 , (p. 484) To divide a segment into a 

given number of congrueftt segments. 

Construction l4"12 . (p , 491) To circumscribe a circle about 
a given triangle . 

Construction 14-13 . (P. 491) To bisect a given angle. 

Construction l4'-l4 . (p. 492 ) To inscribe a circle in a 
given triangle . 

C 


Theorem 


1^~1 . (P. 517 ) The ratio of the circumference 


to the diameter, is the same for all circles 

Theorem 15-2 . (P. 522) The area of a circle of radius r 

ia jrr^ . 

Theorem 15~3 . (P. 526) If two arcs have equal radii, their 

lengths are proportional to their measures . 


I Theorem 15-4 . (P. 526 ) An arc of measure q and radius r 

Ihas length qr . 

I Theorem 15-5 . (P. 527) The area of a sector is half the 

Iproduct of its radius by the length of its arc. 

\ 

1 Theorem 15-6 . (P. 527) The area of a sector of radius r 

! Tr 2 

jand arc measure q la • 

I Theorem I 6 -I. (P. 535 ) All cross-sections of a triangular 

i ' ■ 

'jprism are congruent to the base. 

t 

• Corollary 16 -I-I . (P. 536) The upper and lower bases of 

I 

(a triangular prism are congruent. 

1 

1 Theorem 16-2 . (P, 556 ) (Prism Cross-Section Theorem.) All 

ioross-sectlons of a prism have the same area. 

Corollary 16-2-1 . (p. 537 ) The two bases of a prism have 

equal areas . 

; Theorem I 6 - 3 . (P. 537) The lateral faces of a prism are 

parallelogram regions, and the lateral faces of a right prism 
are rectangular regions. 
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Theorem l6-4 . (P, 5^0) A croas-section of a triangular 

pyramid, by a plane between the vertex and the baae, la a 
triangular region similar to the base . If the distance from the 
vertex to the cross-section plane is k and the altitude is h, 
then the ratio of the area of the cross-section to the area of 
the base is (^) . 

Theorem l6-5 . (P . 5 ^'^) In any pyramid, the ratio of the 
- area of a cross-aectlon and the area of the base is (^) , where 
h is the altitude of the pyramid and k is the distance from 
the vertex to the plane of the cross-section, 

Theorem l6-6 . (P. 5^3) (The Pyramid Cross-Section Theorem*) 

Given two pyramids with the same altitude. If the bases have the 
same area, then cross-sections equidistant from the bases also 
have the same area. 

Theorem l6-7 . (P. 5^8) The volume of any prism la the 

, product of the altitude and the area of the base . 

Theorem 16-8 . (p, 5^9) If two pyramids have the same alti- 

tude and the same base area, then they have the same volume . 

Theorem 16-9 . (p. 550) The volume of a triangular pyramid 

is one-third the product of its altitude and its base area. 

Theorem I6-IO . (P. 55l) The volume of a pyramid is one-third 
the product of its altitude and its base area. 

; Theorem 16-II . (P. 555) A cross-section of a circular 

cylinder is a circular region congruent to the base. 

Theorem 16-12 . (P . 555) The area of a cross-section of a 
circular cylinder is equal to the area of the base , 

Theorem 16-I3 . (p . 555) A cross-section of a cone of 
altitude h, made by a plane at a distance k from the vertex, 
is a clrcula^ region whose area has a ratio to the area of the 
base of (^) . 

^ Theorem l6-l4 . (P. 557) The volume of a circular cylinder 

is the product of the altitude and the area of the base. 
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SteMfyi (p. 557 ) The volume of a clroular oone la 

om-thlrd the product of the altitude and the area of the base. 

volume of a sphere of radius r 

is yr"^ . 

agorem l6-i;^. (p, 562) The surface area of a sphere of 

radius r is s « 

gi.orer. 17-I, (p, 579) on a noa-vertloal line, all aegnente - 

have the same slope . 

Tlxeprem I7-2. (p. 584) Two non-vertical lines are parallel 

if and only if they have the same slope , 

T t ieorei^i 17-'^ _. (p. 586) Two non-vertical lines are perpen- 

dicular If and only if their slopes are the negative reciprocals 
of each other. 

Iheo^^eni 17 ~,fr< (P . 509 ) (The Distance Formula.) The 
di stance between the points (x^^y^) and (xgpy^) la equal to 

\/ (Xg - + (y^ - y^^)^ . 

Theorem 17-5, (p. 593) (The Mid-Point Formula.) 

Let p^ « (^l^yi) and let p^ « (Xg^yg). Then the mid-point 

of P^Pg is the point P . ( 1 ^ ^ ^ 2 ) 

^eorem 17-6 ■ (p. 605) Let L be a non-vertical line with 

with slope m, and let P be a point of L, with coordinataa 
(x^,y^), For every point q = (x,y) of L, the equation 
y - yi « m(x - Xi) is satisfied. 

ffleorem 17 "J,. (P. 607) The graph of the equation, 

y - y^ « m(x - x^) is the line that passes through the point 
(j^l^yi) and has elope m. 

T heorem I7-8 . (p. 611) The graph of the equation y ^ 'mx + 

is the line with slope m and y-lntercept b. 

^eorem 17-9 . (p. 613 ) Every line in the plane is the graph 

of a linear equation in x and y. 


X 



Iheorem IMP , (P, 613 ) The graph of a linear equation 
In X and y la always a line. 

Theorem IMl . (P, 623 ) !Phe graph of the equation 

9 9 9 

(x ■ af I (y ■ b) a r Is the circle with center at (a,b) 
and radius V. 

Theorem 1/-12 . (P, 621) Every circle Is the graph of an 

2 2 

equation of the foi x + y + Ax + By + C * 0, 

Theorem 17-13 , (P, 625 ) Given the equation 

9 9 

X + y + Ax + By + C = 0 . The graph of this equation Is 
|l) a circle, (p) a point or ( 3 ) the empty set, 




Index of Definitions 


For precisely defined geometric terms the reference is to 
the formal definition. For other terms the reference is to an 
informal definition or to the most prominent discussion. 

absolute value, 2J 

acute angles, 86 

alternate interior angles, 245 

altitude 

of prism, 555 
of pyramid, 540 
of triangle, 214, 215 
angle (s), 71 
acute, 86 

alternate interior, 245 
bisector of, 129 
central, 429 
complementary, 86 
congruent, 86, 109 
consecutive, 264 
corresponding, 25I 
dihedral, 299 
exterior, 29^5 
exterior of, 73 
inscribed, 432 
Intercepts an arc, 433 
Interior of, 73 
measure of, 79, 80 
obtuse, 86 
of polygon, 506 
opposite, 264 
reflex, J8 
remote interior, 193 
right, 85 

right dihedral, 30I 
sides of, 71 
straight, 78 
supplementary, 82 
vertex of, 71 
vertical, 88 
apothem, 512 
arc (a), 429 

center of, 437 
congruent, 44l 
degree measure of, 430 
end-points of, 429 
length of, 525 
major, 429 
minor, 429 
of sector, 527 



rea,# 3 SO *j, 

oi-J^oX© f. 52 X , 522 

par'aXXelosj:*am, 330 
poXy'soJ^fitX I'egXoti, 320 
r'eo'bartgXe , 322 

f a:*Xeht t;x*Xanelej 328 

apKer’©> 5^2 
[; tti^apessoXcl^ 53X 

tx*Xanele^ 32 Q 
,3 unit: or, 321 

?*±t;lnjn©t;Xo mean, 364 
>3cXXXan5r aet^s, XT 6 
ia© of pyr-amXd, 5^0 
^'tween, 4X, XS2 

aeofcor of an an^le, 129 

*^0401* of a aegment, 169 

„ .^o<itiSj 4T , 129 

.iLvallerX • a Principle, 5^8 
♦" of 


arc , 43 T 

circle, 409 
<[ sphere, 409 
vintral angle, 429 
Untrold, 260 , 621 
' }ord, 410 
^.rcleCa), 409 

area of, 521 , 522 

circumference of, 
congruent, 417^ 
eq,uatlon of, 623, 
exterior of, 412 
great , 4lO 
interior of, 4X2 
segment of, 520 
tangent, 4X7 
roular 

cone, 554 
cylinder, 553 
reasoning, 119 
region, 520 

area of, 521 
roumferenoe, 5 X 6 
roumsorlhed 

circle, 490 
triangle, 490 
lllnear, 54 
mplement, 86 
mpl erne nt ary angles, 06 
no ent rlc 


516 

624 


circles, 409 
spheres, 409 
noluslon, oO 


t 


625 



concur-r-ent aeta, 270, 4-69 

c one , 

c±rcialar, 554 - 
nielli;; alr-oular^ 555 
volume of, 557 
conenuence, 97 
oongnuent 

angles. 86, 109 

arcs, 44 l 
circles , 417 

segments, 109 
triangles, 90, 111 

consecutive angles, S 64 
consecutive aides, 264 
constructions, 477 
converse, 202 
convex polygon, 507 
convex sets, 62 
coordinate system, 37, 571 

coordinates of a point, 37, 569 

co-planar, 54 
corollary, 120 
correspondence, 97 
corresponding angles, 251 
cross -section 

of a prism, 535 
of a pyramid, 54 o 
cube, 229 
cylinder 

circular, 553 
volume of, 557 
diagonal, 264 , 509 
diameter, 4 lO 
dihedral angle, 299 
edge of, 299 
face of, 299 
measure of, 30I 
plane angle of, 300 
distance, 34 
distance between 

a point and a line, 206 
a point and a plane, 235 
two parallel lines, 266 
distance formula, 509 
edge of half plane, 64 
end-point ( s ) 

of arc , 429 

of ray, 46 
of segment, 45 
empty set, 10 



eq,uat ion 

of eincle, 62;^ 
of line, 605 j 611 
eq[ui angular triangle j 128 
eqLUilateral triangle, 128 
Buler, 327 

existence proofs, 165 
exterior angle, I93 
exterior 

of an angle, 73 
of a circle, 412 
of a triangle, 74 
face of half-space, 66 
frustum, 559 
Garfield's Proof, 3 44 - 
geometric mean, 361 
graph , 600 
great circle, 410 
half-plane, 64 

edge of, 64 
half-space, 66 

face of, 66 
horizontal lines, 576 
hypotenuse, 172 
hypothesis, 60 

Identity congruence, lOO, 109 
if and only if, 203 
if-then, 60 

inconsistent equations, 618 
indirect proof, 160 
inequalities, 24 
infinite ruler, 37 
insorihed 

angle, 432 

measure of, 434 
circle, 490 
polygon, 511 
quadrilateral, 430 
triangle, 490 
integers, 22 
intercept, 275 ^ 433 

interior 

of angle, 73 
of circle, 412 
of triangle, 74 
intersect, 18 

intersection of sets, 16, 18, 
Irrational numbers, 23 
isosceles triangle, 127 
Kite, 272 


473 



1 at eral 

eca.Ee j 337 
facej 537 

S'ur’l’ace, 537 
lemma, 196 
1 ength 

of ar’c , 525 

of* segment, 45 
linear* equation, 6 I 3 
linear* pair*, 92 
line ( 3 ) , 10 

otllque, 216 
parallel, 24l 
pe r*p endlcul ar* , S 6 
slcew, 241 
transversal, 244 
major* arc, 429 
me an 

arithmetic, 364 
geometric , 561 

me asure 

of* angle, 79 .» 80 

of* hlheciral angle, 50 I 
of distance, 30 , 34, 36 
median 

of trapezoid, 272 
of triangle, 130 
mid— point, 47’ 

formula of, 593 
minor arc , 429 

Non-Euclidean geometries , 253 

negative real numbers, 191 
numbers 

irrational, 23 
negative, 191 
positive, 191 
rational, 22 

re al , 23 

whol e , 22 

oblique lines, 216 
obtuse angle, 86 
on opposite aides, 64 
on the same side, 64 
one-to-one correspondence, 97 
opposite 

angles. 264 
rays, 46 
sides, 264 
order, 24 
order postulates. 


191, 192 ^ 



oa;*dl^r'e^dL pair*, 5 T 1 
36 S 

pairetH-lel 

lines j 2^1 

slopes of j 3Q^ 
lines and planes^ 291 
planes, 291 
pax-allelepiped , 53B 

panall el oginaJTi, 263 
area of, 330 
perimeter 

of triangle, 207 ^ 
of polygon, 512 
perpendiG 0,1 ar 

1 ine s , 80 

slopes of, 386 
line and plane, 219 
planes, 301 

perpendiGul ar tisector, 169 
pi, TT, 31 B 
plane(a), lO 

parallel , 291 

perpendicular , 30 I 

plane angle, 3 OO 
point , 10 

point— slope form, 603 
point of tangency 

of circles, 413 
of spheres, 423 
polygon, 306 

angle of, 300 
apothem of, 312 
convene, 5 0 T 
diagonal of, 309 
inscriPed, 311 
perimeter of, 312 
regular, 311 
sides of, 500 
vertices of, 300 
nolygonal region, 3 IT 
polyhedral regions , 5^8 

positive real numPers, 191 
postul ate ( a ) , 9 

of order, I 9 I, 192 
power of a point , 451 

prism, 534 

altitude of, 535 
cross-section of, 533 
lateral edge, 33T 
lateral face, 33'7 
lateral surface, 33T 
lower Pase, 335 
rectangular, 533 



pr’±sm (Continued.) 
rieht, 555 
total sur*race, 537 
triangular, 535 
upper base, 535 
pro J ect ion 

of a line, 306 
or a point, 306 

proof* 

converse, 202 

double —column rorm of, II 8 
existence, 165 
indirect, 160 
uniqueness, I 65 
writing of, 117 
proportional sequences, ^So 
pyramid, 5^0 

altitude of, 54o 
base of, 5^0 
regular, 544- 
vertex of, 54o 
volume of, 551 
Pythagorean Theorem, 339 
quadrant, 571 
quadrilateral, 263 

consecutive angles of, 264 
consecutive sides of, 264 
cyclic, 473 
diagonal of. 264 
inscribed, 430 
opposite angles of, 264 
radius, 409, 410 

of sector, 527 
rational numbers, 22 
ray, 46 

end-point of, 46 
opposite, 46 
real numbers , 23 

rectangle, 268 

area of, 322 

rectangular parallelepiped, 53^ 
reflex angle, 78 
region 

circular, 520 
polygonal, 317 
polyhedral, 54-6 
triangular, 317 
regular 

polygon, 511 
pyramid, 544 
remote int'S'n'or angle. 


193 



3?hiomt2^us ^ 268 

r*±@3nt an^e, 85 

ditied-ral angle, 30I 
r^ignt: prism, 535 
rleJT-t -triangle, 172 
scalene trlanglej 128 
sector, 527 

arc of, 527 
radius of, 527 
segment (s), 45 

bisector, I69 
congruent, 109 
segment of a circle, 528 
semi-circle, 429 
separation, I82 
set (a ) , 15 

axAXiliary, 176 
concurrent, 27Q 
convex:, 62 
element of, 15 
empty, 18 

Intersection of, I6, 473 

member of, 15 
union of, 17 
side ( a ) 

consecutive, 564 
of angle , 71 

of dihedral angle, 299 
of polygon, 506 
of triangle, 72 
opposite, 264 
similarity, 365 
slcevf lines , 24 l 

slope, 577 

of parallel lines, 584 
of perpendicular lines, 
slope-intercept form, 611 
space, 53 
sph-ere, 4 o 9 

exterior of, 423 
interior of, 423 
surface area of, 5^2 
volume of, 559 
square, 268 
square root , 25 

straight angle, 78 
s ub set, 15 
supplement, 82 
supplementary angles. 
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^ 3 ^ 


circles, 4lY 
common e^cfcemal , 
common Internal, 
e:>ctemally, ^^XT 
Internally , 4iT 
line and circle, -413 

plane and sptiere, 4S3 
s e ggme nt , 4 48 

tdeorem, 9 

total sur£”ace of a prism, 33T 

transversal, S44 
trapezoid, S33 

area of, 331 

triangle (s), T2 

altltnde oi', SI 4 
angle tslsector of, 130 
area of, 328 

centroid of, S 80 
congruent, 98 > 111 

equiangular, 1S8 
equilateral, 123 
e^cterlor of, 7^4 
Interior of, T4 
isosceles, 12T^ 128, 346 

median of, I 30 
overlapping, 123 
perimeter of, 28 T 
rigbit , 1 T 2 

scalene, 128 
sides of, T 2 

iSi 

verte^c of, 7^2 
triangular region, ^XT 
undefined terms, 9, lO 
union of sets, 17" 
uniqueness proofs, I 65 
vert esc 

o f angl e , T 1 
of polygon, 306 
of pyramid, 540 
of triangle, ‘72 
vertical angles, 88 
vertical line, 576 
volume 

c one , 537 

cylinder, 537 
prism, 548 
pyramid, 351 
sptxere, 359 
numtxers , 22 

36B ^ 

y— axis, 36 B ^ 

y-lntercept, 6 II e., _ ^ 


of 

of 

of 

of 

of 

vrlaole 
X— axis , 





